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Abstract – The calculation of steady-state processes in the non-

symmetric multiphase long or short line by using the distribution 

of the solution for the voltages differential equations in mode 

components is considered. The matrices of integrations constants 

can be obtained if the voltages or the currents at the beginning of 

the line and the matrices of input are known. The elements of these 

matrices are to be calculated directly from the definition. The 

distribution of the voltages along the specific 4-wire line is 

calculated. The fault of the phase to neutral is calculated in a 

specific 4-wire line. The method can be recommended for the 

calculation of short lines too. 
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I. INTRODUCTION 

The solving of differential equations of the multiphase line 

by distribution of the solution in mode components has been 

known since 1960-s [1], however this method has been applied 

mainly for investigating transient processes in lossless lines 

[2] – [8]. In these cases active losses have been kept by 

switching lumped resistances at the terminals of calculations 

schema. In steady-state processes, however, it is possible to 

consider quite accurately each of the primary parameters of the 

symmetrical or the non-symmetrical long or short line. 

 

II. MATHEMATICAL BASIS 

The differential equation for vector of complex voltages U is 

the following: 
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where R, L, G, C are the square matrices of primary parameters, 

ω, x, j are the given frequency, the coordinate along the line and 

the imaginary unit. If the number of the wires is n+1 all these 

matrices have the order n. R, L, G, C as well as Z = R+jωL and 

Y = G+jωC are symmetric matrices if the elements of the vector 

U are the phase voltages even if the placement of the wires in 

the space is not symmetrical. (These matrices can be non-

symmetrical if the line voltages are the elements of the vector 

U, but it does not mean that the principle of reciprocity would 

not be correct.) 

Matrix ZY can be written as TT–1, where  is a diagonal 

matrix of ZY eigenvalues 1…n, T is the square matrix of ZY 

eigenvectors. By substituting this in (1) and pre-multiplying the 

equation by T–1 we obtain the following equation 
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where Umod = T–1U is the vector of the mode components.  

Since  is a diagonal matrix the matrix-equation (2) splits 

into separate equations for each of the components and their 

solution is  

                      Umod,k = B1 kchkx+B2kshkx ,                          (3) 

where kk  is the propagation constant of the mode 

component k, B1k and B2k are the constants of integration. 

We can write the solution of (2) in matrix form by combining 

left and right sides of all the expressions (3) in vectors: 

Umod = Ch(x)B1+Sh(x)B2, 

where B1 and B2 are the vectors of constants, but Ch(x) and 

Sh(x) are the diagonal matrices with elements chkx and shkx. 

Since U = TUmod we can write the solution of (1) for the 

vector of true voltages too [9]: 

                            U(x) = T(Ch(x)B1+Sh(x)B2).                    (4) 

The vector of currents I and the voltages U are linked by the 

expression  

I = – Z– 1dU/dx, 

which allows obtaining the solution for I: 

                       I (x) = – Z–1T (Sh(x)B1+Ch(x)B2),              (5) 

where   is the diagonal matrix with the elements k. (Thus we 

have been freed from the need to look at the individual mode 

components). 

The finding of the constants of integration depends on what 

is known in the line. If the voltages U(0) at the point x = 0 (for 

example, at the beginning of the line) are given from (4) we 

obtain 

                                 B1 = T –1U(0).                               (6) 

If at the terminal of the line (x = l) a passive multipole is 

connected the matrix y of input and mutual admittances of 

which are known then on one hand 

      I(l) = yU(l) = yT[(Ch(l)B1+Sh(l)B2)],              (7) 

but on the other hand from (5) 

I(l) = – Z–1T [Sh(l)B1+Ch(l)B2]. 

If vector B1 is found then it is possible to find B2 too by 

equating the last two expressions: 

B2 = –[yT Sh(l)+Z–1T Ch(l)]–1[Z–1T Sh(l)+yT Ch(l)]B1.  (8) 

In the other case when the currents at the beginning of the 

line I(0) are given first we can obtain from (5) 
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B2 = – (Z–1T)–1I(0), 

then from (7)  B1 too: 

B1 = –[yT Ch(l)+Z–1T Sh(l)]–1[yTSh(l)+Z–1T Ch(l)]B2.  (9) 

(It is not necessary to attempt to simplify such matrix expres-

sions: if the order of matrices n is not very large then there is no 

difficulty to calculate the necessary products or the inverse 

matrices by using suitable mathematical programs).  

After the determination of constants it is possible to calculate 

voltages and currents at any place of the homogeneous line by 

using expressions (4) and (5). 

If the line consists of several homogeneous sections with 

different initial parameters then it is possible to calculate the 

input matrix y1 of the last section by using the given matrix y of 

the load and (7), (8), (5). The elements of this matrix are to be 

calculated directly from definition – as a ratio of the current to 

the voltage in cases when only one element in the vector U(0) 

is not equal to zero. (The count of coordinate in each section 

begins with a zero.) When calculating elements in the first row 

of y1 in the vector U the first element is different from zero, for 

the second row – the second element etc. A non-zero element 

of U can be equal to 1, then the elements of y1 are equal to the 

relevant currents calculated. The calculated y1 works as the 

“load” matrix for the penult section etc. until the “load” matrix 

of the first section is obtained. Thereafter it is possible to 

calculate voltages and currents in the first section by using the 

true matrix U(0). The values of the voltages at the end of the 

first section U(l1) can be used as U(0) for the second section etc. 

This way, for example, we can take into account every 

transposition of the wires, but by projecting a new line we can 

choose the best kind of transpositions. 

III. EXAMPLE 1: TRANSPOSITIONS IN LINE 

A non-symmetric 4-wire line was taken as an example (fig. 1). 

(Instead of usual symbols A,B,C,0 for three-phase lines the 

wires are numbered. This makes the operations with the 

matrices much easier.) The distances between the wires were 

d12 = 1 m; d23 = 2 m; d34 = 4 m; the radius of all the wires was 

r0 = 5 mm; the resistances of every wire were 

R1 = R2 = R3 = R4 = 0.25 /km; the directions of the currents in 

wires 1, 2, 3 were selected the same, in wire 4 – the opposite. 

Magnetic fluxes through the areas (with the length dx) 

formed by each of the wires 1, 2, 3 with wire 4 can be expressed 

taking into account the directions of the currents. Then matrix 

L is obtained: 

where lik = lki = 2·10–4[ln(dik/r0) + 0.25)] (H/km) is inductance of 

circuit formed by the wires i and k, mijk is the mutual inductance 

between the wire i and circuit of the wires j and k. Matrix L is 

symmetric, i.e. m124 + l42 = l24 – l12 + l41 etc. (The influence of 

the earth here is not considered.) 

Similarly, we can write matrices R, C, G taking into account 

the active drop of voltage in the wires and the leakage currents 

between the wires: 

 

 

 

 

Values of cik in this case were chosen so that the speed of the 

waves of the transient process depending on the eigenvalues of 

the matrix LC could not exceed the speed of the light, but they 

can be calculated more precisely by using the placement of the 

wires in the space. G was proportional to the C to the aspect 

ratio of 103. 

 

 

 

 

Fig. 1. Placement of wires for the line considered. 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Distribution of phase voltages along the line (2 transpositions). 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Distribution of phase voltages along the line (3 transpositions). 

The distribution of the modules of voltage along the line was 

calculated for two cases with this method. First, the length of 

the line l = 300 km was divided into 3 equal sections by two 

transpositions (fig. 2), then into 4 sections of length l/6, l/3, l/3, 

l/6 by three transpositions (fig. 3). A symmetric system of three-

phase voltage was connected to the beginning of the line. There 

was no-load at the end. 
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It is evident that the difference between the phase voltages at 

the terminal reaches 7 % of the beginning voltage if there are 

only two transpositions. Three transpositions reduce it to 4 %, 

but the line cannot be called fully symmetrical anyway. (The 

presence of the load could cause a reduction in the difference. 

In the absence of transpositions differences could achieve 30 % 

in such line). 

IV. EXAMPLE 2: THE FAULT OF PHASE TO NEUTRAL 

Some difficulties can occur if we must consider the presence 

of different lumped elements (for example, resistances) in the 

multiphase line. That makes us split the line into separate 

homogeneous sections. Unfortunately we have no general 

theory of multipoles that would easily calculate the change of the 

matrix y when additional lumped elements are connected to it.  

We can use the double-T diagram of 4-pole (in generalized 

meaning when currents are not equal in pairs) when we consider 

a 4-wire line [10]. The diagram consists of 6 impedances 

respective to six different elements of a symmetric matrix of 

order 3 (Fig. 4.). We can calculate the impedances Z1…Z6 if the 

matrix of the admittances y is known: 

Z1= – y23/;   Z4=(y11 + y12 + y13)–1; 

Z2= – y13/;   Z5=(y12 + y22 + y23)–1; 

Z3= – y12/;   Z6=(y13 + y23 + y33)–1, 

where  = y12y23 + y12y13 + y23y13. 

Then we can connect to the diagram the elements needed and 

calculate the new matrix y at least by Kirchhoff’s laws. For 

example, we can include in series the great resistance (Z7) with 

the terminal 2 by modeling the break of wire 2 or small 

resistance (Z8) between 2 and 0 by modeling the fault of phase 

2 to neutral. 

In Fig. 5 the change of phase voltages along the line with the 

length 100 km is shown when in the middle of the line a fault 

of wire 2 to neutral occurs. The load of the line was star-

connection of 3 equal resistances of 400  (it approximately 

corresponds to the transmitted power of 3 MW at the nominal 

voltage of 20 kV). The line is not long and the change of 

voltages is approximately linear. The voltage of the phase 2, of 

course, decreases to zero at the fault point in the middle of the 

line and then it restores to approximately 20 % of the beginning 

voltage across the load. The voltage of the phases 1 and 3, on 

the contrary, increase reaching an overvoltage of ~20% – 30% 

at the points near the fault. (That agrees well with the known 

data [11–13].) Some overvoltage remains in the phase 1 and 3 

till the terminal of the line. The current in the wire 2 in the first 

section of the line is limited only by impedance of the wires; it 

is very large (our method allows calculating it too). The 

magnetic field of it obviously causes the appearance of 

overvoltages in the phases 1 and 3. 

V. CONCLUSION 

The use of different, not always entirely correct 

simplifications such as the replacement of the multiphase line 

by the two-wire line, concepts of averaged inductance or 

mutual inductance of “phase” etc. may refuse using this 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 4. It is possible to model faults in the 4-wire line by connecting in series 

great impedance to equivalent diagram of 4-pole (Z7 – break of wire 2) or small 

impedance between wires (Z8 – fault of wire 2 to neutral). 

 

 

 

 

 

 

 

 

 

 
Fig. 5. The change of phase voltages in the line on the fault of phase 2 to neutral. 

method. The separation of the homogeneous line into separate 

sections which are then replaced by an equivalent circuit which 

can contain even 20 or more lumped elements is totally 

unnecessary. 

The method is simple and would be recommended for the 

calculation of short lines too (such as that in fig. 5). Accuracy, 

as always, depends on that of the primary parameters. 

In the future this method should be combined with the 

method of symmetrical components to account for the effect of 

rotating machines.  
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