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Abstract – The paper is dedicated to the exploration of one of 
the methods of renewable energy research. A significance lies in 
the economically efficient facilities; therefore, it is important to 
establish distribution of temperatures in the parts of facilities. 

Considering a nonstationary process, the temperature field is 
described in the polar coordinate system by using Laplace’s 
equation and corresponding mixed-type boundary data. The 
solution was obtained by the Laplace Transform Method, applying 
an integral function of complex variables. The inverse Laplace 
Transform and the original temperature are expressed as an 
integral. For the integration, a closed contour, which excludes 
branching and provides the integral of a function that is analytic, 
was employed. The Cauchy theorem was applied to the 
calculations. As a result, indefinite integrals were derived for the 
temperature estimate in the heat pipe cover and the surrounding 
environment, depending on the temperature of a fluid within the 
heat pipe.  

Keywords – Laplace Transform, solar thermal collectors, 
thermal conductivity.  

I. INTRODUCTION

Considering renewable energy generation methods [1], [2], 
the main problems encountered concern heat pipes. Solar 
thermal collectors and geothermal heat appliances widely 
employ heat pipes, situated indoors or outdoors, into the soil. It 
is essential to consider the effect of the heat pipe on the 
surrounding environment, as well as the effect of the 
surrounding environment on the heat pipe. Thus, the 
temperature field is calculated, depending on the fluid 
temperature within the heat pipe. One of the calculation 
methods is the Laplace Transform Method, which is widely 
employed by Carslaw H. S. and Jaeger J. C. [6], [7], and many 
other researchers.   

II. TEMPERATURE FIELD DESCRIPTION

Nonstationary temperature field  ,T r   in cylindrical heat 

pipe environment (Fig. 1), filled with a special fluid with 
constant temperature 0T , is described in a thermal conductivity 

equation [3]–[7] by using polar coordinates: 
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At the boundary r = r0 , heat exchange between the fluid and 
the pipe occurs according to Newton’s law: 
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where    – heat exchange coefficient, 2
W

m K ; 

  0T  – fluid temperature within the heat pipe, K. 

Fig. 1. Cross-section of a pipe. 

At the boundary 1r r , temperatures and heat flows have to 

be equal: 

   2 1 1 1, ,T r T r  ;     (5) 
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where 1  – thermal conductivity coefficient of a pipe cover, 

W
m K ; 

2  – thermal conductivity coefficient of soil,
W

m K ; 

Initial temperature 0 : 

  0,0 , 1,2.i iT r T i    (7) 

At a large distance from the cylinder axis, the temperature 
is constant:  

 2 ,T T    (8) 
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Dimensionless variables and parameters are introduced [3]: 
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Thus, from (1)–(11), we obtain the following:   
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The equation is solved by using the Laplace Transform [6]–
[12]: 
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By using the Laplace Transform, we obtain: 
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The equations (21) and (22) are inhomogeneous Bessel 
differential equations [11]–[15]. The generic solution is 
obtained by the zeroth-order modified Bessel and Macdonald 
functions of the first and second kind  0I z  and  0K z : 
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The solution has to be exhaustive, if  . Thus, from (29) 

we obtain the following:  
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Entering the boundary data (25)–(27) and equations [14] 

   0 1
 I z I z ,    0 1

  K z K z , we obtain the equation for the

calculation of the system coefficients 1 2 4, ,C C C : 
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The determinant of the system (31) is as follows: 
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By solving a system of equations (31), the coefficients are 
calculated and the expression temperatures for the figures (28) 
and (29) are determined: 
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where 
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The original temperature [6]–[8] is expressed as an integral: 
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The integral on the straight line Re p  , where p is a 

complex number  p j  , can be determined [2], [3], [4] by 

the integrals on the line segment AB and the circle  Re jp    

arcs BB’F and CA’A, along the upper edge EF and the lower 
edge CD of the section (Fig. 2), as well as along the inner circle 
 jp re  , which altogether form a closed contour. The integral 

on the line segment AB equals the sum of integrals on all the 
other parts of the contour, as the integral function is analytic 
within the contour. By calculating these integrals, if R  
and 0r , we obtain an integral that is necessary in the 
formula (36). 

Fig. 2. Integration contour [6]. 

III. CALCULATION OF THE TEMPERATURE OF A PIPE COVER

The following integral has to be calculated:
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In the brackets of the equation (38), the boundary of both side 
integrals, if R , according to Jordan’s lemma [8], equals 
zero: 

γ + j 

γ   j 
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Thus, we calculate the value of the system (31) determinant 
(32) on the line segment EF: 

  2 2 2; ;    
jjp u e u p ue ju


 2 .
j
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By adding (41) to the formula (32), we obtain the following: 
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The formulae [6], [7], [11] are applied to the Bessel functions 

with a purely imaginary argument: 
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Here,        0 0 1 1, , ,J z Y z J z Y z  correspond to the zeroth 

order functions of the first and second kind and to the Bessel 
functions of the first kind. Bessel functions are then added to 
the system determinant equation (32), and after the 
modifications we obtain the following equation: 
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The value of the function  1 , p  is then calculated on the 

line segment EF: 
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.         (50) 

 
By using the formulae for the Bessel functions with purely 

imaginary argument, we obtain the following: 
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     0 1 1 Y u J u     0 1 1 J u Y u   

         1 1 0 1 0 0 10


   


kY k u Y u J u J u Y u    

 02 01  k          1 1 2 0 10
 Y k u J u s u Y u s u   .   

(53) 
 

By using (44) and (50), we obtain an integral on the line 
segment EF, if R :           
 

EFI 
       

   
2 1 1

2 2
0

2 u F u u u u du
e

uu u

   
 


 


  

 

       
   

2 1 1

2 2
0

2 u F
u u u u du

j e
uu u

   
 




  
  .      (54) 

 
On the line segment CD:  

 
2 2 ; ;    jp u e u p ju  2 .jdp ue du     (55) 

 
Analogous to the line segment EF, by using formulae [6] for 

Bessel functions with purely imaginary argument, we obtain the 
system (31) determinant (32) on the line segment CD: 
 

                  
2

2
CD 1,

4
u u j u

        ,              (56) 
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and the function  1 , p :     

 2
1CD , u      

2

1 14
  u j u

   .           (57) 

 
By using the equations (44) and (57), we obtain an integral 

on the line segment CD, if R :         
 

CDI =
       

   
2 1 1

2 2
0

2 u F u u u u du
e

uu u

   
 


 


  

             
       

   
2 1 1

2 2
0

2 u F
u u u u du

j e
uu u

   
 




  
 .        (58) 

In order to calculate the boundary 
 
 

1

0
1C

,
lim

,
r

pF

r

p
e dp

p p









   

of an integral on the inner circle, where 
 

; j jp re dp re jd   ,                          (59) 

 
first, the boundary has to be determined:  
 

 
 

1
010

1

,
lim 1

,r

p

p









 


.                        (60) 

 
In the boundary data calculation, the following patterns are 

to be considered [15]: 

If  0 1 x , then     0 11;
2

 
x

I x I x ; 

 0

2
lnK x

x
;  1

1
K x

x
 ;                 (61) 

if  1x , then    ;
2


xe

I x
x

 
  

    
2

 xK x e
x


.                       (62) 

 
We obtain the following:  

 

           
 
 

1

0
1C

,
lim

,
r

pF

r

p
e dp

p p











  012 1j .            (63) 

 
By applying the estimated integrals (40), (54), (57), and (63) 

to the formula (39), we obtain a dimensionless temperature 
expression in the pipe cover  11   : 

 

 1 , 1  F       

         
       

   
2 1 1

2 2
0

, ,2 u F u u u u du
e

uu u

     
  


 


 .  (64) 

By determining the indefinite integral in the formula (64), we 
obtain the real pipe cover temperature. 

 

IV. SOIL TEMPERATURE CALCULATION 

In the integral (39), if i = 2, first we have to calculate the 
following: 
 

      
 

 
0

1,

j
pF

j

K k p
e dp

p p p

 

 












BB'F

lim
R







FE

pFe 
DC

  

 
CA'A


 


 0

C

lim
r

r
  .                       (65) 

In the equation (65), the boundary of both side integrals, if 
R , according to Jordan’s lemma [8], equals zero: 

 

BB'F

lim 0
R

 ;  
CA'A

lim 0
R

 .                      (66) 

 
The value of the system (31) determinant (32) on the line 

segment EF is calculated with the formula (41). The function 

 0K k p , if p ju , is calculated by employing the 

formula (44); thus we obtain the following: 
 

               0 0 02
    K k ju Y k u jJ k u
   .             (67) 

 
By combining (45) and (67), we obtain the integral: 

 

 
 

0

FE 1,
pF

K k p
e dp

p p p






  

       
   

2 0 0

2 2 2
0

4 u F Y k u u J k u u du
e

u u u

   
  


 

 
  

       
   

2 0 0

2 2 2
0

4 u F
Y k u u J k u u du

j e
u u u

   
  




  
 .            (68) 

 
Similarly, we obtain an integral on the line segment CD: 

 

 
 

0

DC 1,
pF

K k p
e dp

p p p






                  

 
       

   
2 0 0

2 2 2
0

4 u F Y k u u J k u u du
e

u u u

   
  


 

 
   

       
   

2 0 0

2 2 2
0

4 u F
Y k u u J k u u du

j e
u u u

   
  




  
 .            (69) 

 
By using the equations (61) and (63), the boundary is 

estimated: 
 

 
 

0 1

0
1

lim
,r

K k p

Bip p

 


 


.                 (70) 

 
 



Power and Electrical Engineering 
2016/33 

10 

And the integral on the inner circle is determined, where 
; j jp re dp re jd   ;                 (71) 

         
 

 
0

0
C 1

lim
,

r

pF

r

K k p
e dp

p p p



  = 12


j
Bi


 .           (72) 

 
The interim values (66), (69)–(71) are included in the 

equation (65) to obtain: 
 

            
 

 
0

1,

j
pF

j

K k p
e dp

p p p

 

 







  = 1
Bi


.                  (73) 

 
Now we calculate the second integral (39):  

 

 
 

*
2

1

,

,

j
pF

j

p
e dp

p p

 

 












BB'F

lim
R


 




FE

  

DC

 
CA'A


 


 0

C

lim
r

r
  .                    (74) 

 
In the equation (74), the boundary of both side integrals, if
R , according to Jordan’s lemma [4], equals zero: 

 

 
BB'F

lim 0
R

 ;  
CA'A

lim 0
R

 .                   (75)   

           
On the line segment EF (41), the system (31) determinant 

(32) value is determined by the formula (45), whereas the 

function  0K k p , if p ju , is calculated by the formula 

(44). We obtain an integral on the line segment EF, if R : 
  

EFI   
 

2

1FE

,

,
pF p

e dp
p p







       

       
     2 0 0

2 2
0

2 u F
Y k u u J k u u du

e u
uu u

   


 


 

   


       
     2 0 0

2 2
0

2 u F Y k u u J k u u du
j e u

uu u

   


 


 


 ,        (76) 

 
where  
 
             1 1 1 1 1 2u Y u s u J u s u     .          (77) 

 
On the line segment CD (55), the system (31) determinant 

value (32) is determined by using the formula (56) and function 

 0K k p , if  p ju , is calculated by the formula (45). 

We obtain an integral on a line segment CD, if R : 
 

DCI 
       

     2 0 0

2 2
0

2 u F
J k u u Y k u u du

e u
uu u

   


 


 

   


       
     2 0 0

2 2
0

2 u F Y k u u J k u u du
j e u

uu u

   


 


 


 .        (78) 

 

In order to calculate the boundary 
 
 

2

0
1C

,
lim

,
r

pF

r

p
e dp

p p









  of 

the integral on the inner circle (71), first, the boundary should 
be determined: 

 

      
 
 
2

0
1

, 1
lim

,r

p

p









 

 
.                          (79) 

 
We obtain the following:  

 

 
 

2

0
1

,
lim

,
r

pF

r
C

p
e dp

p p









 =

2



j


.          (80) 

 
The obtained integrals (69), (70), (76)–(78), and (80) are then 

inserted in the equations (65) and (74). By using the equation 
(33), we can calculate the dimensionless temperature outside 
the heat pipe  1  : 

 

 2 , 1 F 01

1

1
Bi


 

   

       
   

2 0 0

2 2 2 2
0

4 u F u Y u u J u du
e

u u u

   
  


 

 
  

 02 01     

       
     2 0 0

2 2
0

2 u F u Y u u J u du
e u

uu u

   


  


 


 .   (81) 

 
By determining the indefinite integrals in the formula (81), 

we obtain the real ambient temperature. 

V. CONCLUSION 

Thermal conductivity equation has been solved in polar 
coordinates, using the inner surface boundary conditions of the 
third kind and the contact conditions on the outer surface. The 
initial temperature is known. As a result, formulae for the 
temperature calculation in the heat pipe cover and surrounding 
environment have been devised provided that the fluid 
temperature within the heat pipe is known in advance. 
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