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Operator Method for Nonstationary Temperature
Field Calculation in Thick-walled Cylindrical Heat
Pipe Environment

Voldemars Barkans®
Latvian Maritime Academy

Abstract — The paper is dedicated to the exploration of one of T (,, T) if r<r<r:
. . . . 1 > > 0 — — 1>
the methods of renewable energy research. A significance lies in ~ Where T (r,z’) = . ' 2)
the economically efficient facilities; therefore, it is important to T,(r.z), if r2r;
establish distribution of temperatures in the parts of facilities. 2
Co.nsider.ing a nonstationar)f process, the tempe.rature field is a — coefficient of thermal conductivity, mT :
described in the polar coordinate system by using Laplace’s
equation and corresponding mixed-type boundary data. The a, if r<r<g;
solution was obtained by the Laplace Transform Method, applying a= a.. if > 3)
29 =1

an integral function of complex variables. The inverse Laplace
Transform and the original temperature are expressed as an At the boundary r =7, heat exchange between the fluid and
integral. For the integration, a closed contour, which excludes the pipe occurs according to Newton’s law:

branching and provides the integral of a function that is analytic,
was employed. The Cauchy theorem was applied to the or (r T)
calculations. As a result, indefinite integrals were derived for the A4 —1verJ
temperature estimate in the heat pipe cover and the surrounding or
environment, depending on the temperature of a fluid within the W
heat pipe. where o — heat exchange coefficient, m2K >

:—a[To—Tl(rO,T)], 4)

Keywords — Laplace Transform, solar thermal collectors, T, — fluid temperature within the heat pipe, K.
thermal conductivity.
AY
. INTRODUCTION

Considering renewable energy generation methods [1], [2], M
the main problems encountered concern heat pipes. Solar
thermal collectors and geothermal heat appliances widely
employ heat pipes, situated indoors or outdoors, into the soil. It
is essential to consider the effect of the heat pipe on the
surrounding environment, as well as the effect of the
surrounding environment on the heat pipe. Thus, the
temperature field is calculated, depending on the fluid
temperature within the heat pipe. One of the calculation o !
methods is the Laplace Transform Method, which is widely a
employed by Carslaw H. S. and Jaeger J. C. [6], [7], and many
other researchers.
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II. TEMPERATURE FIELD DESCRIPTION

Nonstationary temperature field 7' (r,r) in cylindrical heat

pipe environment (Fig. 1), filled with a special fluid with Fig. 1. Cross-section of a pipe.

constant temperature 7, is described in a thermal conductivit
) p 0 . Y At the boundary » =7, temperatures and heat flows have to
equation [3]-[7] by using polar coordinates:

be equal:
oT (r,t T 10T
D) ([ TTLT s ien M L (n.7) =T (r.7); 5)
ot or~ r or
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oT, (r,7) oT (r,,7)
ﬂ 2\'1° _ 1> , 6
o or & or ©
where 4 — thermal conductivity coefficient of a pipe cover,
W
m-K 5

\W
A, — thermal conductivity coefficient of soil, 1.K ;

Initial temperature 7=0:
T,(r,0)=T,, i=1,2. (7)

At a large distance from the cylinder axis, the temperature
is constant:

T, (oo, r) =T (8)
and

T, (,7) B

— 0 - 0. 9)

Dimensionless variables and parameters are introduced [3]:

r 7 T T T a
—=p — = >_l:®’&:®si:® k2 _l’
I"O p . pl 7;) i . 0i 7;) 0 az
AzégF:ﬂ;Jﬁzgﬁ, (10
4 0 A
0,(p.F), if 1<p<p;
O(p,F)=4 ! , ' (1)
(o ){®Aanlf PZpi;
Thus, from (1)—(11), we obtain the following:
2
20, (p.F) _o ®1(6,F)+l0®1(p,F); 12)
OoF op Yol op
0’0 F 00 F
E 6@2(p,F)= 2(:20> )+ 1 60, (p, ); (13)
oF op Yo} op
00, (LF) )
—Jar—:—&pf®JLFﬂ; (14)
0, (plaF):®1 (plaF); (15)
o0 F o0 F
z(pl,):A1 (puF) . a6)
op op
©,(p,0)=0,; i=12; (17)
0,(x,F)=0,; (18)
o0 F
(= F) g (19)
op

The equation is solved by using the Laplace Transform [6]—
[12]:

+00

(:)i(p,p)=je”F®i(p,F)dF. (20)
0
By using the Laplace Transform, we obtain:
- _
d ®zi +i&_ _z -0, ; (21
dp” pdp
= _
d Gﬁ" LIO o8, = k0, (22)
dp” pdp
a’(:)1 (l,p) 11 =
Bi|——0,(1, ; 23
ip = (1,p) (23)
0,(p,1)=0,(p.p); (24)
00 00
2(p1’p):A l(pl’p); (25)
op op
— ®
0, (0, p)=—=; (26)
p
00
:(=P) . 27)
op

The equations (21) and (22) are inhomogeneous Bessel
differential equations [11]-[15]. The generic solution is
obtained by the zeroth-order modified Bessel and Macdonald

functions of the first and second kind /,(z) and K, (Z) :

@A%M=Q%@JH+Q&ON?F%$;

I<sp<p

(28)

8 O,
0, (p,p) =Gl (kp\/;)-i- C,K, (kp\/;) +7 . (29)

The solution has to be exhaustive, if p — c0. Thus, from (29)
we obtain the following:

_ Q]
®,(p.p)=C.K, (kpﬁ)+f. (30)

Entering the boundary data (25)—(27) and equations [14]
I;(z)=1,(z), K;(z) ==K, (z), we obtain the equation for the

calculation of the system coefficients C,,C,,C, :
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“CK (D)~ CoK (k) = 2O

The determinant of the system (31) is as follows:

Ao p) =[N 11 (Jp)-5it, (Vp) |

N AR P
[k 75 7))

(A1 (e ) Ko (kpp)+ kK, (kolp) 1, (P) |-

By solving a system of equations (31), the coefficients are
calculated and the expression temperatures for the figures (28)
and (29) are determined:

(32)

®,(p.p) _O, O(pp)

, 33
p  pA(p.p) G

where

61 ()= 1(p\p)| (0, -

AR (7). ) 55, 45
P LK)

+BIK0(\/;)J }+ +K0(p\/;).{ Bi(©

[Ar (p,\/;)KO(p,\/;)HcK, (kp]\/;)lo(p]\/;ﬂ_
—k (0, -0,,)K, (kpl\/;).

[Jon(p)-a, (7)) |}

_k(®oz - ®01

(34

_ ® 0,1 (kpf)

® ,p)=—=
2 (p p) o p\/_A(,Dl,

, (35)

2016/33
(171 ()51 () ki (i 47)
¢, (JpK, (VP )+ BiK, (Jp)) = %(@01 -1); -{11 (pl\/;)-[\/;Kl (Jp)+BIK, (\/;)J—
(o 5)- ol [ ()] o
~C,AK, (pi\[p, )+ CK, (kpp) = 0; or
Gl (pp)+ @,-(p,p)=%+5f(p,p)a i=12. (37)

The original temperature [6]-[8] is expressed as an integral:

y+jo
0,(p,F)= ®0,+— [ e”®, (p,pYp, j=+-1. (3%)
7 jo
The integral on the straight line Re p =y, where p is a
complex number p =y + jw, can be determined [2], [3], [4] by

the integrals on the line segment AB and the circle p = Re’’
arcs BB’F and CA’A, along the upper edge EF and the lower
edge CD of the section (Fig. 2), as well as along the inner circle
p =re’’ , which altogether form a closed contour. The integral
on the line segment AB equals the sum of integrals on all the
other parts of the contour, as the integral function is analytic
within the contour. By calculating these integrals, if R — o0
and » — 0, we obtain an integral that is necessary in the
formula (36).

1
B} B
B
7+ jo

Fig. 2. Integration contour [6].

III. CALCULATION OF THE TEMPERATURE OF A PIPE COVER

The following integral has to be calculated:

7]jw€pF—d® ( —llm[I + I I

y—jo pA(,Dl foe DC

+j + j ]+ 1333 (39)
CA'A

In the brackets of the equation (38), the boundary of both side
integrals, if R — 400, according to Jordan’s lemma [8], equals
Zero:
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fm [ =0: m [ -0, ()

CA'A
Thus, we calculate the value of the system (31) determinant
(32) on the line segment EF:

—u*; \p —ue'? = ju; dp =2ue” du.  (41)

p=u‘e" =
By adding (41) to the formula (32), we obtain the following:
Agg (pla_uz ) = [j”]1 (ju)_Bilo (]u):| :
'[AKl (p1ju)Ko (kp1ju)_
kK, (kp,ju)K,(p.ju) |- [juK, (ju)+BiK,(ju)]

[AL (pju) K, (kpyju)+ kK, (kpju) L, (pju) ] (42)

The formulae [6], [7], [11] are applied to the Bessel functions
with a purely imaginary argument:

. T
= ei‘/VEJV (z);

K, (z)= ij%ew% [/, (2)£%,(2)].

1,(22) (43)

(44)

Here, J,(z).Y,(z).J,(2).Y,(z) correspond to the zeroth

order functions of the first and second kind and to the Bessel
functions of the first kind. Bessel functions are then added to
the system determinant equation (32), and after the
modifications we obtain the following equation:

)=o)

Ay (P u)+jy(u)], (45)

where

$(u)= s, (u) [k, (kpu) Y, (pe) = Ay (kpu) Y, (o) ]+
+5, (u) - [A S, (ko) J, (o)~ le(kplu)JO(plu)}; (46)
w(u)= s, (u)-[kY, (kpw) Jy () = AY, (kpw) J, (pe) |+
sy () [AX, (kpu) Y, (pae) =Y, (kpe) Y, (o) |

(47)
(u) u, (M)+BiJ0 (u) ; (48)
s, (u) =u, (u)+BiY, (u). (49)

The value of the function (:)f ( 2, p) is then calculated on the

line segment EF:
Oer (0 ) = {Io(pju)-{ Bi(®,, ~1)-
[AK, (pju) Ky (kpyju) = kK, (kpyju)-
K, (plju)] _k(®oz -0, )K1 (kplju)'

Lok, (i, ()] [+ o)

{ Bi(®,, —1)-[AL (pju)K,(pju)+k-
K, (kp1j”)10 (p1j“):|_k(®02 _®01)'

K, (kplju)~[\/;11 (ju)-Bil, (ju)] } }

(50)

By using the formulae for the Bessel functions with purely
imaginary argument, we obtain the following:

(:)TEF (p,_uz): _I:¢1 +]l//1 ):| (51)

where
A (pan) =830, 1) | A k)
[Jo (pu) Y, () = X, (pu)
- ), ()1 )1, o )] [

S (kpu)-[Y, (pu)s, ()= J, (pu)s, (“)] ;
(52)

1 (p1”):| -
+k(©y, —0,,)

yll(p,u)=Bi(®01—l)-[ AYO(kplu)'
% (pu)J, (pe) = Jy (pu)Y; (/’1”)}_
kY, (kpu)[Y, (pu) T, (pu) =Ty (pu) Y, (p) ] }

+k(©y, —0y,) Y, (kp]u)[JO (pu)s, (u) =1, (pu)s, (”)] :
(53)

By using (44) and (50), we obtain an integral on the line
segment EF, if R —+o0:

_ me—uzF ¢(”)¢1(”)+'/’(”)‘/’1(”) du
o =2] F)rvi)

+2j [ (54)
S Py
On the line segment CD:
p=ute’™ =—u*; \[p=—ju; dp=2ue ' du. (55)

Analogous to the line segment EF, by using formulae [6] for
Bessel functions with purely imaginary argument, we obtain the
system (31) determinant (32) on the line segment CD:

)= [olu)- (1))

Aco (P11 (56)
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and the function O (p.p):

Bnlp)= T a0 (@] 67

By using the equations (44) and (57), we obtain an integral
on the line segment CD, if R — +o0:

[ e #(0)6 (1) +y (u)y, (u) du
Ip=2] y au _
) # )ty () w
o fer Bl viobla
) ¢ (u)ry () w
@*
In order to calculate the boundary hm(j) PE (p,p) dp
pA(pi>P)
of an integral on the inner circle, where
p=re’; dp=re”jdg, (59)
first, the boundary has to be determined:
tim &(2:P) 0, . (60)
r—0 A (pl R p)

In the boundary data calculation, the following patterns are
to be considered [15]:

If 0<x <<l then [,(x)=1: 1(x)=2:
Ky ()= K (1) =1 (61)
if x>>1,then I, (x)= ;;x,
K, (x)=e - (62)

We obtain the following:

lim e"FMdp 27j(1-9,,).

(63)
r—0 3 pA(pl ,D )

By applying the estimated integrals (40), (54), (57), and (63)
to the formula (39), we obtain a dimensionless temperature

expression in the pipe cover (1 <p=2p ) :

O, (p.F)=1+
2 i —u’F ¢(M)l//1 (psu)_l//
+= e - .
75 ¢ (u)+y” (u)
By determining the indefinite integral in the formula (64), we
obtain the real pipe cover temperature.

() (o) du )

IV. SOIL TEMPERATURE CALCULATION

In the integral (39), if i = 2, first we have to calculate the
following:

o Kfeos)
pF — 1 pF
7J.jwe p\/;A(pl’p) v REI}O[BL ' +[3[C "
+ | j +1im (65)
CAA e

In the equation (65), the boundary of both side integrals, if
R — 400, according to Jordan’s lemma [8], equals zero:

lim [ =0; limJ. =0. (66)

R—w Ro>w
BBF CA'A

The value of the system (31) determinant (32) on the line
segment EF is calculated with the formula (41). The function

Ko(kp\/;), if \/; = ju, is calculated by employing the

formula (44); thus we obtain the following:

K, (kpju)=%[—Y0 (k,ou)—jJO(kpu)] (67)

By combining (45) and (67), we obtain the integral:

o falkedp)
pIPA(p.p)
—I o<kpu> (1)~ <kpu>¢<u>d_u+
% ¢ (u)+y* (u) u’
4o Ll §>+J<kpu> ()] au

)
d ¢ (u)+y* (u) ut

Similarly, we obtain an integral on the line segment CD:

J‘ a (kpf)
DC p\/>A pla

(68)

L4 o Bl ()= ()l

5 @ (u)+y’ (u) u’

4 F por b0t ke )]
0 ¢ (u)+y’ (u) u’

u

(69)
u

By using the equations (61) and (63), the boundary is
estimated:

. (kpf) A
”O\FA (o>

B (70)
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And the integral on the inner circle is determined, where

p=re’; dp=re’jdg; (71)
Ky(kpp
lim eﬂFMdp:—znji_ (72)
=~ 8 pIpA(pp) ABi

The interim values (66), (69)~(71) are included in the
equation (65) to obtain:

<"_’)DdP o

y+jo

- (73)
y=jo p \/—A pl’ ABi
Now we calculate the second integral (39):
r+jo C:)*
j e"F—dz(p’p) == hm[ I + I
rje pA(pHp fo pE FE
+j + | j +lim (74)
CAA C,

In the equation (74), the boundary of both side integrals, if
R — 40, according to Jordan’s lemma [4], equals zero:

lim [ =0; lim j -0.
Ro>x R—w
BB'F CA'A

(75)

On the line segment EF (41), the system (31) determinant
(32) value is determined by the formula (45), whereas the

function K, (kp\/; ) ,if \/; = ju , is calculated by the formula

(44). We obtain an integral on the line segment EF, if R — +o0:

_ i @; (,O,p) _
IEF_!Ee PA(ppp)d -
2][ (pu>¢ (( )) Jg((i/)mw(u)} LR

‘2JJ ey O(kpuzé ((z;))+J ((kp)u) w (u )¢(u)% 76)
where
¢ (u) =X, (pae)s, (u) =7, (pue)s, (u) (77)

On the line segment CD (55), the system (31) determinant
value (32) is determined by using the formula (56) and function

K, (kp\/; ) ,if \/p =—ju , is calculated by the formula (45).

10

We obtain an integral on a line segment CD, if R —+400:

© o [k g () =Yy (kpu)y ()]
foe==2] ¢ i@ W
+2Jj i O(kp”i} ((Z))” ((k/;”)*/f( )ﬂ@%. (78)

0; (p,
In order to calculate the boundary lim @ e”” Mdp of
rﬁOC, pA(plap)

the integral on the inner circle (71), first, the boundary should
be determined:

hmM 1 (79)
=0 A(pLp) A
We obtain the following:
e;(p,
lim e Marp -2z, (80)
=0z pA(pLP) A

The obtained integrals (69), (70), (76)—(78), and (80) are then
inserted in the equations (65) and (74). By using the equation
(33), we can calculate the dimensionless temperature outside

the heat pipe (p Zp ) :

©,(p.F)=1 +ABi®°/1J_1.
A o H () (1) )
73 & (u)+y’ () v
+A(®02 _®01)'
= equ¢( ) (,Du)+!//( )Jo(pu) ‘(4 ﬂ
ﬁ! 5 (u)+ 9" (u) ()= @D

By determining the indefinite integrals in the formula (81),
we obtain the real ambient temperature.

V. CONCLUSION

Thermal conductivity equation has been solved in polar
coordinates, using the inner surface boundary conditions of the
third kind and the contact conditions on the outer surface. The
initial temperature is known. As a result, formulae for the
temperature calculation in the heat pipe cover and surrounding
environment have been devised provided that the fluid
temperature within the heat pipe is known in advance.
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