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Abstract — In the paper, the power lines with flat arrangement
of phases are considered. At the end of untransposed power lines,
the unbalanced voltage appears. As an alternative to transposition,
unbalanced load can be applied. Considerable difference of phase
loads is the shortcoming of this method. A special increase of
mutual inductance among outer phases would be a proper
alternative if the way of its implementation would be found. Zero
sequence is smaller for the line with overhead ground wires
(OGW), especially when OGW is above the middle phase. Parallel
lines have considerable mutual Fortesque impedances of all
sequences, the most of them being zero sequence. The impact of
parallel lines can be weakened by additive measures. Fault
analysis of untransposed lines can be reduced to that of
transposed.
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line, transposition, unbalanced voltage.

I. INTRODUCTION

Overhead power lines have a property comparatively few
spoken about. They, considered in the 0-1-2 domain [1], besides
impedances Zo, Z1, and Z, have mutual impedances Zo1, Zoz, ...
[2], which results in non-symmetrical voltages at the end of
such lines.

Unbalanced voltages are highly unwanted for the loads,
especially for electrical motors as well as for other loads [3],
[4], [5].

Balanced lines (with phase conductors arranged in the
vertices of equilateral triangle) theoretically have not mutual
impedances Zo, Zoy, ...., but they are uncomfortable in their
construction.

Practical solution is such that, for balancing unbalanced
lines, their transposition is used [6]; however, transposition is a
costly measure [7]. It requires a special power-line support.
Besides, as it is shown in [8], some types of relay protection can
be implemented better without transposition.

In [8], it is shown that voltage at the end of an untransposed
power line can be balanced by a non-symmetrical load. The
practical possibility of this measure will be investigated further
by appropriate calculations.

The issue has yet another side: 1) the overhead ground wires
(OGW) are not conductive to balancing the power lines; 2) what
is the situation with parallel lines, be they even balanced
separately; this applies especially to double-circuit lines. It is
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considered that in parallel lines the only mutual Fortesque
impedance is that of zero sequence. This should be investigated
how it is in reality.

Fig. 1. Versions of phase a position.

The relay protection of such lines is another bunch of
questions which are to be clarified.

Il. DETERMINATION OF UNBALANCED LOAD

Obviously, the voltage at the end of an untransposed power
line will be balanced when the voltages of phases abc are
related in such a way:

2,
Uenda =MUggg =MUgngc 1)

where m is vector operator [1], but Ueng (it is multiplied by
det(Z. aecx)) according to [8] are:

Uenga =(a@a + azﬂ"’ ay)za; Uggs = (B + azO‘B +a0d)zg;
U,ue = (r+a°s+aag)z. . 2)

To make the calculation plausible, it is necessary to
unscramble all the components of the expressions (2) referring
to the sections 2 and 8 of [8], where zq=0.148 + 0.7227i;
zs=0.05 + 0.3422; z: = 0.05 + 0.2987i.

A. Phase a located to the left of phase conductor flat
arrangement (Fig. 1a)

On the basis of [8] chapter 8, we have:

2
ay = (Zd + Zb)(zd + Zc)_ " p= Z5Z¢ _(Zd +Zc)zs;
2 2
y=2" = (24 +2p)2¢5 o = (29 + 2 )(2g +2c) — Z¢"
2
0 =1, _(Zd + Za)zs; a. = (Zd + Za)(Zd + Zb)_ Zg . (3)
In (2), load impedance za is set (after [8] it is equal to

0.98 Q). Loads in the phases b and c are to be found. In batch
(2), two equations (bearing in mind (1)) are independent since,
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the load impedance za given, impedances zg and zc can be
found.

Inserting equations (3) in expressions (2) and observing (1),
we have:

Uena.a=ZaZpZc + AgZp + AcZc + Ay;
aUgnq g =ZaZgZc +BgZg + BgeZpZc;
a’Ugyc = ZaZpZc +CoZe +CpeZplc;
A =(2g—az;)za; Ac = (2 —3°2)24;
Ay :[zd2 - zs2 + az(zf —24)Z, +a(zs2 —24Z¢)]Zp
By = a(z; —2,)z, + (2, +2,)2, — (2, —a%z,)z, -
—a%(zg +2p)2s; Bge =24 —azg;
Cec= az(zs2 —24Zs)+a(Zs —24)Zs + (2 +2p0)Zg —
—(zy +azp)Zg; Coe =2, -3%2,.  (4)

Solving jointly aUengs — Uena.a = 0 and a?Uend.c — Uenda = 0,
we obtain:

E =AcCgc +Cc —Ac)Bgc; F =(Bgc —Cgc)Ay - (5)

Since
25 =Gz —H; G=E/D; H=F/D. (6)

Inserting zg of (6) in a@?Uengc— Uenaa = 0, we obtain a
quadratic equation:

azc’ +bze +¢=0; a=CgcG; b=Cc—Ac — AsG —CpgcH;
c=AgH-A,. @)

For imaginary part of zc to be positive, the square root must
be negative:

(®)

Numerical results for the case in Fig. 1la are:
za =0.98; zg = 0.8836 + 0.0447i; zc = 0.9360 + 0.1347i.
Phase-to-phase loads have another character of distribution:
Zap = 2.7766 — 0.0398i; zgc = 2.6574 + 0.3437i;
Zca = 2.9590 + 0.2314i.

Balancing the line with a set load in the phase a, which is
located at the right side of the flat phase conductor displacement
(Fig. 1c), we have the same results as in Fig. 1a.

B. Phase a (with a set load) in the middle (Fig. 1b)
Some expressions are different from those of batch (3):

Op = (Zd + ZB)(Zd + Zc)_ Zf2 ; ﬂ: ZZ; _(Zd +Zc)zs;
Y =17 _(Zd +ZB)Z g = (Zd + ZA)(Zd +ZC)—ZSZ;

5 7

§=2"—(24+2)2; = (24 +2,)(24 +25) - 2. (9)

The fillings of the coefficients Asg, ..., H are different.

Load impedances of the phases and phase-to-phase loads are
the following:
za=0.98; zg = 1.043 + 0.0966i; zc = 1.0841 — 0.0549i;
Zag = 2.9590 + 0.2313i; zgc = 3.2863 + 0.0901i;
Zca = 3.0693 — 0.1996i.

The acquired data show that this method requires a large
amount of unbalanced load.
S AJ————* InJ[8],itis shown that a power line
becomes balanced if all mutual
impedances are equal. If in flat
arrangement of phases, the mutual
inductance between two outside
phases were equal to that between
adjacent phases, then the power line
would become balanced. This could be
possible if such an ideal transformer
[9] existed with a predefined mutual impedance M between two
outer phases (Fig. 2). When a transformer is not ideal, on a par
with mutual inductance the extra inductance in each of two
phases appears. On the basis of [8], it can be said that an extra
phase-to-phase capacitance would not play a significant role.

jJ ®
Fig. 2. Putative possibility
of balancing the power line

with flat arrangement of
phases

I11. POWER LINE WITH OVERHEAD GROUND WIRE
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Fig. 3. Versions of OGW location and mutual distances.
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This power line is considered with one OGW (Fig. 3), which
consists of one conductor with the same parameters as phase
conductor. The OGW with less conductivity should have less
influence on line unbalance. Mutual reactances are calculated
by (13) of [8]:

Xj =0.0627972Ig(D, /D) Q/km, (10)
where Dj is the distance between the conductors j and k
(Fig. 3): zg = 0.148 + 0.7227i; zjx = 0.05 + Xik.

For version a, mutual reactances between phase conductors
are: XaB = Xsa = 0.3422i; Xac = Xca = 0.2987i;
XBc = XcB = 0.3422i.

Mutual reactances between phase conductor and OGW are:
Xax = Xxa = 0.3222i; Xax = Xxg = 0.3088i; Xcx = Xxc = 0.2865i.

In p. 9 of [1], it is shown that OGW causes a change in the

components of zagc:

ZioZyi . Z:,Z
— XX . _ jx “xk
Z4 Zy

11)
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For comparison, the impedance matrix without OGW Zagc,
Zo2 and with OGW Z’asce, Z 012 Of versions a, b, ¢ (Fig. 3) are

Recall that Zagc and Zo12 impedance matrices of unbalanced

shown.
lines look
Zaa Zab
as: ZABC: Zba be
an Zcb

cc

Zac Zog Zot Zg
Zne |3 Zow2 =|Z10 Z1 Zpp
z Zy Zy Zy

.(12)

Their conversion is done by the expression (2.11) of [1],
which for further references here is reproduced:

where A — see [8].

Zo12 = AZagcAL,

The numerical results are shown below.
For flat (horizontal) arrangement of a

OGW:
0.1480+0.7227i
Z pgc =|0.0500+0.3422i
0.0500 +0.2987i
0.2480+1.3781i

Zo12 =| —0.0126-0.0072i
0.0126-0.0072i

0.0500+ 0.3422i
0.1480+0.7227i
0.0500+ 0.3422i
0.0126+0.0073i

0.0980+0.3950i
0.0251+0.0145i

Estimation of impedances:
|Z1] = || = 0.407; |Zo| = 1.4002, it is 3.4403 times of |Zi;

|Zoa| = |Zo2| = [Z10] = |Z20| =

0.0146, it is

|Z12| = |Z21) = 0.029, it is 7.13 % of |Z4].
For a power line with OGW:

version a:
0.1328 + 0.5794i

Z nsc = | 0.0345 +0.2048i
0.0340 +0.1712i
0.2004 + 0.9905i

Zo1p =| —0.0040 - 0.0172i
0.0049 — 0.0179i

version b:
0.1322+0.5910i

Zppe =| 0.0345 +0.2048i
0.0342+0.1670i
0.2012+0.9715i

Zo1, =| —0.0077 —0.0042i
0.0074 —0.0046i
version c:
0.1328 +0.5794i
Z ngc = | 0.0340 + 0.2140i
0.0336 +0.1803i
0.1992 +1.0246i
Zo1p =| —0.0043-0.0252i
0.0055-0.0257i
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0.0345 + 0.2048i
0.1322+ 0.5910i
0.0339+0.2199i
0.0049 — 0.0179i
0.0981+ 0.3946i
0.0247 +0.0143i

0.0345+0.2048i
0.1328+0.5794i
0.0345+0.2048i
0.0074 —0.0046i

0.0980+0.3949i
0.0252 +0.0146i

0.0340 + 0.2140i
0.1316+0.6081i
0.0334 +0.2364i
0.0055—0.0257i
0.0982 +0.3939i
0.0245+0.0136i

(13)

0.0500+ 0.2987i

0.0500+0.3422i |;

0.1480+0.7227i
—0.0126-0.0072i

power line without

—0.0251+0.0145i |.

0.0980 + 0.3950i

3.58% of

0.0340+0.1712i

|Zal;

0.0339+0.2199i |;

0.1316+ 0.6092i

—0.0040 - 0.0172i
—0.0247 +0.0145i

0.0981 + 0.3946i

0.0342+0.1670i

0.0345+0.2048i | ;

0.1322+0.5910i

—0.0077—-0.0042i
—0.0252 +0.0145i

0.0980+ 0.3949i

0.0336 + 0.1803i
0.0334 + 0.2364i
0.1312 + 0.6250i

—0.0043-0.0252i

—0.0242+0.0139i | .

0.0982 +0.3939i

We can see that zero Fortesque impedance of the line with
OGW of all versions is less than that of the line without OGW,
while positive and negative sequence impedances are equal to
each other and on the same level as for a line without OGW.
Mutual impedances for all cases obey such coherences:
Z1p~ Z» and approximately the same for all cases and equal
7 % of Z1; Zo1 = Zyo and are greatest for the case ¢ (6.5 % of Z,).

To obtain evaluation of zero and negative sequence currents,
we proceed in such a way as it was done in [8].

The percentage of three-phase short circuit zero sequence
10% and negative sequence 1,% currents with respect to direct
sequence current for flat arrangement of phases were calculated
in [8]; there also the unbalance indices 1.0% and 1.,% were
calculated for the same line loaded with resistance in each phase
0.98 Q.

10% = 1.11, 1,% = 7.16, 10% = 0.79, 1.,% = 2.54.

These indices, calculated for the same line with OGW
(Fig. 2) using the same procedure as in [8], are shown below.

Version a: 10% = 1.8, 1,% = 7.05, 1.0% = 1.17, 1.2% = 2.5.

Version b: 10% =0.94, 1,% = 7.17, 10% = 0.57,
||_2% =2.53.

Version c: 1% = 2.46, 1,% = 6.93, 10% = 1.64, 1,,% = 2.46.

It can be seen that the indices of zero sequence current of the
line with OGW are worse for the versions a and c. The negative
sequence current keeps approximately the same level.

IV. PARALLEL POWER LINES

For well-transposed [1], in other words — totally transposed
[2], two parallel lines, the positive and negative sequence
mutual impedances do not exist (they are zero), while it should
be reckoned with zero sequence impedance. Well-transposed
two parallel lines have 12 transpositions [2]: nine transpositions
for the first line, and three for the second one. Since
transposition is an expensive undertaking, it is worth to study
how things are without transposition. A double-circuit line
consists of two lines located near each other since they are hung
on the same support. The impact of mutual impedances should
be considered.

Voltage drop in each phase of such a line consists of 6 terms —
from its own current, currents of two remaining phases, and
currents of three phases of the adjacent line:

AUnsc = Zasc lasc, (14)
where
) _ I,
Zaa Zah Zyc Zgg Zay Zyc I
b
Zoa  Zob  Zoc  Zpa Zob Zoe |
7 | Zea Zob Zee Za Zw Zeo | IABC = ¢ .(15)
ABCTI, 7 7 7 7 la
aa a'b ac aa ab' ac
Zva Zbb  Zpe Zba Zpbb Zbe Iy
| Zca  Zeb  Zec Zea Zev Zec L I c' |
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Further it will be shown that two balanced but not transposed TABLE |
lines have mutual Fortesque impedances not only for zero DATA OF Zo1, FOR BALANCED PARALLEL LINES
sequences. For this reason, the arrangement of a double-circuit First Secondsymbol — o, 1 2z o 15 =
line is shown in Fig. 4. The phases are located in the vertices of symbol _ _ i i
equilateral triangles 0 0.248 + 1.4071i 0; 0; _ 0.15+0.8955i; 0.0302i; 0.0302i
: o N R 0; 0.098 + 0.3805i; O; —0.0234i; 0.0001i; —0.0069i
Based on the sections 2 and 3, we have. z¢ = 0.148 + 0.7227i; ) 0: 0; 0.098+0.3805% 0.02341 —0.0069%, 0.000L]
Zaa = Ipb = Zec = Zow = Zp'y = Zoe = Zd; o 0.15 +0.8955i; —0.0234i; —0.0234i; 0.248 + 1.407i; O;
Zah = Zpa = Zoe = Zeh = Zca = Zac = Za'y’ = Lva’ = Ze = Low = Zow = 0
Zoe = 0.05 + 0.3422i; v 0.0302i; 0.0001i; —0.0069i; 0; 0.098 + 0.3805i;
;. 0
s = 70, = > = sy = s = vy = +
Zaae = Zata = 2o = 2o = Zee = Zove = 0.05 + 029861 5 0.0302i; —0.0069i; 0.0001i; 0; 0; 0.098 + 0.3805i
OGW &2 TABLE II
a 3.7 2 2’ COMPARATIVE DATA OF Zp;; ABSOLUTE VALUES
® i First Zjare given in Q, the rest (Zo1; Zop...) —in % of Zy;
b [3 [L2.75 symbol Secondsymbol —> o, 1, 2 o 1) =2
o < ’1 0 Zoo = 1.4288 = 3.6365 Zy;; 0; 0; 231.10; 7.69; 7.69
] . 0; Z;;1=0.3929; 0; 5.96; 0.03; 1.76
c I3 [L2D 2 0; 0; Z=0.3929 = Zuy, 5.96; 1.76; 0.03
e < Ei o 231.10; 5.96; 5.96; Zyo = 1.4287 = 0.9993Z4; 0; O
) 7.69; 1.76; 0.03; 0; 0; Z,» =0.3929 = Z;1

Fig. 4. Balanced power lines and Fig. 5. Power line on tower PB26.
mutual distances. Distances are given in meters.

Zab' = Zb'a = Za’ = Zea = 0.05 + 0.2751i;
Zoe' = Ze'b = Zeb' = Zv'e = 0.05 + 0.2916i;
Zva' = Zab = Zea» = Zaer = 0.05 + 0.3287i.

The matrix Zane (see (15)) consists of four quarters with
diagonals Za Zus Zee, Zaa' Zob’ Zeo'; Za'a Zb'b Ze'e; Zaa Zvh' Zee. EACh
of these quarters is converted to a quarter in 012 domain
according to (13). Hence, we can write:

A0 Al 0
Zor, = VA . 16
012 {0 A} abc|: 0 A_l} (16)

This question is raised in [2], but a clear formula there is not

given.
Equations (14) and (15) in Fortesque notation are:
AUo12 = Zo1z2lozz, (17)

where according to (16) we have Zoi2 and loi2 converted from
Zapc and lanc in @ usual way ((13) and loiz = Alanc):

Zo  Zow  Zo2  Zoo Zor Zo2 )
2o 41 Zi2 L L 212 Iy
Zows = Z0 I; I3 I Ip1r I Mo = I . (18)
Zoo Zo1 Zo2 Zo Zror Zo2 lo
Iro I Zr2 I 4 Iry Iy
| Z20 221 Z22 220 Z21 Iy | 12 ]

The numerical results are shown in the Tables | and I1.

The main impedances are:

a) 0.248 + 1.4071i, absolute value (—)1.4288 - zero
sequence (z.s.) of each line separately, 3.6365 times of
positive sequence (p.S.);

b) 0.098+0.3805i—0.3929 — p.s. and negative sequence (n.s.)
of each line separately;

¢) 0 — all mutual of each (balanced) line separately;

d) 0.15 + 0.8955i—0.908 —  acknowledged = mutual
2.5.—231.10% of p.s.; 63.55% of z.s. of each line
separately.

Impedances a), b), and c) are such as each of two lines be a
single one. There is no option of phase location of two parallel
lines in such a way that all mutual distances between all phases
would be equal. Be it so, without any transposition, the only
mutual impedance would be that of zero sequence.

We can conclude that a parallel line has a tangible impact
through its zero sequence current not only on zero sequence but
on the positive and negative sequence of the adjacent line as
well even when both lines are balanced.

V. DoOUBLE CIRCUIT LINE ON TOWER PB26

Another location of wires using the tower PB26 will be
considered (Fig. 5).

Firstly, we calculate the double-circuit line without OGW.
Output data are given in the Tables Ill and IV.
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TABLE Il

DATA OF Zg;, FOR PARALLEL LINES WITHOUT OGW USING TOWER PB 26

First
symbol

Second symbol —

0; 1; 2

2,

0

0.2480 + 1.4116i;
0.0120 — 0.0069i;

0y 17
0.0120 — 0.0069i; —
0.1500 + 0.9667i;

—0.0013 + 0.0007i;  0.0013 + 0.0007i
1 —0.0120 — 0.0069i; 0.0980 + 0.3783i;
—0.0240 + 0.0139i; 0.0013 + 0.0007i;
0.0000 + 0.0199i;  —0.0148 + 0.0085i
2 0.0120 — 0.0069i; 0.0240 + 0.0139i;  0.0980 + 0.3783i;
—0.0013 + 0.0007i; 0.0148 + 0.0085:i;
0.00000 + 0.0199i
IS 0.1500 + 0.9667i; —0.0013 + 0.0007i;

0.0013 + 0.0007i;
0.0120 — 0.0069i;

0.2480 + 1.4116i;
—0.0120 — 0.0069i

T 0.0013 +0.0007i;  0.0000 + 0.0199i; —0.0148
+ 0.0085i; —0.0120 - 0.0069i;  0.0980 +
0.3783i; —0.0240 + 0.0139i

> —0.0013 + 0.0007i; 0.0148 + 0.0085i;

0.0000 + 0.0199i; 0.0120 — 0.0069i;
0.0240 + 0.0139i;  0.0980 + 0.3783i
TABLE IV

COMPARATIVE DATA OF Zy;, ABSOLUTE VALUE FOR LINES WITHOUT OGW

a la

In parallel lines with OGW, the positive and negative
sequence impedances slightly differ within one line, and to a
greater degree — between two lines.

Some mutual impedances of a line with OGW strongly differ
from those of a line without OGW.

VI. IMPACT ON RELAY PROTECTION

In further exposition, complex quantities are not specifically
marked as having difficulty in writing and understanding.

In the lines, we see two types of irregularities: the first,
mutual Fortesque impedances of a single line do not equal zero;
the second, mutual impedances between parallel lines appear.
If these effects are strong enough, they must be neutralized in
the relay protection, but the ways to achieve this are different
for both types of irregularities.

The numerical technique gives excellent possibility to cope
with the irregularity of the second type, i.e., with the influence
of a parallel line. This statement can be done by observing the
expressions (14) and (15).

To leave behind in the expression (15) only quantities
without dashes, it is necessary to subtract from Uabem (Fig. 6a)
b I

First Zjare given in Q, the rest — in % of Zy;
symbol Second symbol — ; ; ; S .

0 1 2 0, 1y 2
0 Zoo =1.4332=3.6673 Z;3; 3.53; 3.53; 250.33; 0.36; 0.36
1 3.53; Z1; =0.3908 Q; 7.09; 0.36; 5.09; 4.38
0 250.33; 0.36; 0.36; Zyo = 1.4332 = Zy, 3.53; 3.53
1 0.36; 5.09; 4.38; 3.53; Zy--=0.3908 = Z;3; 7.09
2 0.36; 4.38; 5.09; 3.53; 7.09; Zy>=0.3908 = Z;:-

Unlike balanced parallel lines, mutual Fortesque impedances
in each line separately are not equal to zero.
OGW brings in substantial changes as it is seen in the Tables

V and VI.

TABLE V

DATA OF Zg;, FOR PARALLEL LINES WITH OGW USING TOWER PB 26

First
symb

Second symbol —

0, 15

0 )

2,

2,

0 0.2009+1.0125:i; 0.0520-0.0265i; —0.0036—0.0260i;
0.1029+0.5693i; -0.0076-0.0179i;  0.0092—0.0173i

1 —0.0038-0.0255i;  0.0979+0.3771i; —0.0229+0.0131i;
—0.0078-0.0186i; 0.0143+0.0077i;  0.0002+0.0189i

2 0.0054-0.0260i; 0.0232+0.0129i;  0.0985+0.3771i;
—0.0078-0.0186i; 0.0143+0.0073i;  0.0002+0.0189i

0.1029+0.5693i;
0.2007+1.0328i;

—0.0078-0.0186:i;
—0.0087-0.0338i;

0.0094-0.0180i;
0.0102-0.0332i

r 0.0092-0.0173i; 0.0002+0.0189i; —0.0140+0.0080i;
0.0102-0.0332i; 0.0982+0.3940i;  —0.0376+0.0050i
> —0.0076-0.0179i; 0.0143+0.0077i; 0.0002+0.0179i;
—0.0087-0.0338i; 0.0380+0.0047i;  0.0982+0.3940i
TABLE VI

COMPARATIVE DATA OF Zg;, ABSOLUTE VALUE FOR LINE WITH OGW

First Zjare given in Q, the rest — in % of Zy;

symbal Secondsymbol — o 3 & i 5=

0 Zoo = 1.0322 =2.6424 Z4;; 14.99; 6.72; 148.49; 4.98; 5.03
1 6.62; Z11=0.3896 Q; 6.78;5.18; 4.16; 4.85
2 6.83; 6.80; Z,,=0.3898 Q =1.0005Z;;; 5.18;4.11;4.85
0 148.61;5.18;5.21; Zyy =1.0521=1.0193Zy; 8.96;8.91
| 5.03; 4.85; 4.13; 8.91; Z1-=0.4060 = 1.0421743; 9.73
2 4.98; 4.16; 4.59; 8.96; 9.83; Z,»=0.4061 = 1.00025Z;:

60
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Fig. 6. Elimination of parallel line influence.

defined by (19)

Zaa Ia Zab Ib Zac Ic Zaa' Ia‘ Zab’ I b' Zac' Ic'
Uabcm = Zba Ia be Ib Zbc Ic Zba‘ Ia‘ be' I b’ Zbc' Ic' ; (19)
an Ia Zcb Ib ch Ic an‘ Ia‘ Zcb‘ I b’ ch' Ic'
dashed summand Uan” (Fig. 5b) defined by (20)
Zaa'la‘ Zab'lb' Iy Ic‘
Uae'=| Zoala Zoply  Zoele |5 (20)

Zaaly  Zgly  Zgele

and we shall have the remainder Uay. (Fig. 6b) defined by (21)
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z Ia Zablb Zaclc

belb

aa

Uae =| Ztala Zpel ) (21)

anla Zcblb chlc
which is apt for a single untransposed line.

Now we have to cope with the irregularity of the first type,
namely, with mutual impedances between the phases of the
same line. This case for single-phase-to-earth, phase-to-phase,
phase-to-phase-to-earth faults was considered in [8], whereat
was shown that in relay protection technique, an untransposed
line can be reduced to a transposed one taking into account how
the conductor of a special phase is disposed.

The essence of this measure is that instead of Fortesque
impedances Zo, Z1, Z2, which moreover may not be equal (see
Tables I11-V1), the impedances Zyo, Zu1, Zi2 are employed. This
gives an opportunity to exclude from consideration the mutual
impedances between phases. Such impedances are different for
specific types of short circuit, but expressions for short circuit
calculation remain the same as for transposed lines.

Forasmuch as in some cases Zy # Zu, an approach to
calculation of fault cases may be different from the
conventional one. Such an approach is promoted by vast
possibilities of the nowadays’ computer technique. After the
impact of parallel line removed, we can begin the formation of
relay protection of an untransposed line. In [8], it is shown that
with untransposed lines the principle of relay protection
remains the same as if instead of the Fortesque impedances Zoi2
the impedances for untransposed lines Zyo12 are used. In further
considerations, the subscript , is omitted.

Recall the notation:

Zo=Ro+JXq; Zy =R+ JX1; Z; =Ry + X, (22)

For a considered line (or parallel lines), all components are
known as linearly dependent on the positive sequence
reactance:

RO :boxl, XO =COX1, Rl =b1X1; R2 :ble;

A. Single Phase-to-earth Fault

In one terminal line, the positive component of the short-
circuit current (as it derives from [10]) is:

I, =U/N(Zy+2Z,+2Z,), (24)
where U is the faulty phase voltage at protection installation
place; 11 is the positive sequence current.

Here, the well-known theory will be presented in another
way.

Protection operates when the first current component reaches
its operation value 110 that takes place when the denominator
of (24) assumes the value that is given by numerical impedance
protection:

Zop=%=ZO+Zl+ZZ=R+jX. (25)
1

Expression (24) can be overwritten as
u=12,. (26)

When fault occurs without fault resistance Ry, the operating
impedance is:

Zop=R0+jX0+Rl+jX1+R2+jX2. (27)
Using (23) and denoting
b=bo+bi+byc=co+1+cy (28)
we can overwrite (26):
Zgp = Xy (b ). (29)

Numerical protection gives operating impedance (25), and
we have sought for the Fortesque impedance Xi:

R X
Xi=—; X, =— .
17 ¢

(30)

When a fault occurs through the fault resistance Ry, we have

U = 11Xy(b + jc) + iR¢ 7, (31)
where under Ry, tripled resistance to earth is understood.
Numerical protection gives apparent impedance Zopa:
Zopa=Ull1 = Zop + Rf = Ra + jXa; (32)
Ra = Xib + Rf"; Xa = X4C. (33)

Out of (33) sought for positive sequence reactance to fault
place and fault resistance readily can be found:

Fig. 7. Single phase-to-ground fault in a two-terminal power line.

b

X,=22; R =R, ——X,. (34)
c c

The situation is much more complicated for a two-terminal
line (Fig. 7) where the fault is fed from two sides. Monitoring
the line from one side it is not possible to give a definite answer
how far from the monitoring point the fault occurs. More
information from the opposite terminal of the line or some
assumptions are needed. The latest proposal assumes that the
network is homogenous [11]. But this cannot always be correct.
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Here a different approach is presented using the fact that the
system impedance Zs can be predefined. Observing Fig. 7, the
expression (26) can be overwritten:

U=1,Zg + (I + 13)Re = 1, Zgp + L0+ 2)R;, (35)

where y —vide infra.
Applying loop current method [12], we have (see Fig. 6):

I _U(Zopr+Rf*)_Est* .
1 D ’
~UR +E (Zop + R )
I1r = D

(36)
and their ratio:

— Ilr

EZop + Ry (Es—U)
= = s x'=Re(x); x'=1m(y).
ly UZopr_Rf (Es_U)

(37)
Voltage U is:
U =1,Zgp, = h[Xib+ @+ 7R + j(XC+ 2R ). (38)

According to (32), relay protection calculates R, and Xa,
which corresponding to (38) can be expressed as:

R, = Xb+(@1+ 2Ry ; X, =X+ 2Ry, (39)
where from we have sought for quantities:
l:(l+;()Xa—;( Ra; R — cR, —bX, (40)

c+ z)—by" T e+ ) -byt

It would be easy to find X; if the factor y would be known.

Unfortunately, it can be known when, according to (37), Zop is
known, which means — when X; is known. However, this does
not mean that there is a vicious circle because really two
expressions (36) must be satisfied and that can be done only
with definite values of Ri" and Zop. But in two expressions (40),
two more unknowns are present: y"and ;! Yet we should not
forget the fact that y in (37) is the function of unknowns X; and

Rf". To break the vicious circle, in (40) for y”and y > must stand
fi(X1s, Rf) and f(Xy, Rf) respectively. Such modified
expressions (40) are too complicated to solve them analytically.
A simpler solution is to apply the iteration method.

For Z, (its components are R. and X,) given by relay
protection, we assume some value of X1, and R = 0.
After (31), we calculate y ®. With this value inserted in (40),
we calculate X;9 and Rf™. Inserting these values as assumed
in (31) and (40), we calculate y @, X;@, Rf®, and so on, until
the next value is close enough to the previous one.

In the expressions (36) and (37), a fresh quantity appears:
emf Es to the right of the line. This quantity is that very one
which is assumed or calculated from the data of pre-fault mode.
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B. Phase-to-phase Fault
The positive component of the short-circuit current is [10]:

bl 2z
e

Fig. 8. Two-phase-to-ground fault:
a — circuit diagram; b, ¢ — equivalent diagrams.

v
Z,+Z,"

s (41)

where U is the voltage of the intact phase at protection
installation place; I1 is the positive sequence current.
At short-circuit without fault resistance, we have:

(42)
where
b=Dby+byc=1+cy; R=DbXy; X=¢cX1. (43)
Sought for quantity X; is defined by (30).
When fault occurs through fault resistance R¢, we have:
=2 (44)
2, +7Z,+R
Zopa:LIJ—:ZDp+Rf:Ra+an=bX1+Rf+ch1; (45)
1
Ra=bX1+ Rf; Xa=cX;. (46)
Obviously
X b
X;=—2; Re =R, —=X,. 47
1= ¢ Re=Ra=Xa (47)

For two-terminal line equations (35)...(40) hold when R¢
stands for Ry".
C. Two Phase-to-ground Fault

For metallic short circuit, the known formula for positive
sequence fault current is [10]:

U
I =———, (48)
+ ZZZO

Z,+Z7,
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since operating impedance is:

Zop = L Z, + Lol
Zy,+2Z,

= =R+ jX,
I1

(49)

where R and X are given by numerical protection.
We shall consider a more complicated case when two short-
circuited phases close on the ground through fault resistance Ry

(Fig. 8).
Then apparent operating impedance is:

Z,(Zy+Ry)
Zy+(Zo+Ry)

z =R +X,. (50)

opa — “1

To facilitate calculations, such notations are introduced
(Fig. 8b):

ZZZOf

Zos =Zy+Rs; Azopa:ﬁ.
2 0

(51)

Using abc-phase currents, all three current sequences lo, 11
and I, can be filtered. But we will need lp and I;.
From Fig. 8b, ¢ follows that

o Z, Iy
= ; =q . 52
L Zy+Zye 1y | 2
Hence,
1_q . 1_q Vot
ZOf —TZZ, k:T:k+Jk ’ Zof:kZZ. (53)

From (49), using (51), through intermediate quantities (54)
we arrive to the final formula (55):

ZOf :Rk0+jxko; Rko :k‘RZ _k”XZ;
' "R Ria + X4 .
XkO =k X2 +k R2, Azopazm7
Rkl = R2Rk0 - xzxko; Xkl = R2Xk0 + XZRkO;
Res + JX
Rq =R +Ryos Xy = Xp + Xy3 AZgp, = —+2—=—K2 5 k2 .
Rz = RaRk + Xia Xy 5 Xz = XiqRe =R X

D=R?+X2. (54)

. . R jX
Z..=R +JXa:lIJ—:R1+JX1+%J“.

opa a
1

(55)
Isolating in (55) imaginary component and expressing Rz,
Xkz and D by (22) and (23), we have:

Xa:Xl+X1Xk2 , X]_:—Xa y
d 1+x,/d

(56)

where

d=ro+X2 5 T =Nalk T XaXe 5 X2 = Xalk —laXe s
e =b,+ro ;

(57)

fw =D2lo —CoXko 5 X =DpXyo +Coligo

X, =C,+Xq; ho=k'b,—k"C,; x,=Kk'C,+k"b,.

To define the fault resistance Rs, we use the first expression
of batch (54):

Ror =Re(Zos) =Ry = Xy (k'b, —k''cy),
Rf =Rpr =Ry = Xy (k'b, k"¢, —by).

Numerical check confirms the derived expressions.

The two-terminal line requires iterative calculations of Xj.
The fault is fed from two sides (Fig. 9a). To define the distance
to fault place (it is the same as to define the unknown X3), the
measured data of U and | are insufficient. It is to be known extra
one quantity from the right side of the fault. Here it is meant
that this quantity is emf Es. Summary impedances Zs are known
initially. So, to the right of the fault place, we have impedances
Z

(58)
(59)

Z,=2Zs-7, (60)
where Z is sought for impedance from the monitoring point to
fault place.

To calculate any impedance Z;, it is necessary to assume
some impedance Xias and then, observing (22) and (23), to
determine all the necessary impedances Z, basing on reactance
Xias, Which is the product of specific reactance x1 and assumed
as distance to fault place las.

In accordance with Fig. 9b, c:

ZZZZr ZOZOr
=— o= Zoe = R¢ + 2 - 61
2 7,42y Zytz, T TR (61)
Summary direct sequence current is:
s =1y + 1 = i1, (62)

where x is a presumed, as yet unknown, factor. To define the
current Iy, we must know Z3 [12] which is the result of Z,. and
Zose parallel connection (Fig. 9d):

_ ZZeZOfe ] (63)
ZZe + Zofe
But we cannot determine Z; since we do not know Zo,
because the fault resistance Rf is the second, besides X,
unknown. It is unproductive to assume two quantities X; and Rs.
Similarly as for one-terminal line (see (52)), we presume

IOZ _ ZZe

= . (64)
iy Zoe +Zoge

q:
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Based on Fig. 9b and expressions (52) and (64), we have:

G = loZos I Zor _ 920y

oy Z,, v Zos =Zo+Zy - (65)
Through the string of formulas:
Zote =2281_T,qzzz€k'; k':l_Tq;
zs=f%§=z%a—q>=zk55§i%@i- (66)
Using loop current method [12] we find 13 /14:
_ly _EZi+(E,-U)Z, 67)

I, UZy —(E-U)Zy

Quantity x defined by (63) can be redefined:

U Zl er
[T [
Z; Ly
t
Zo
C i i
U z,

Zoee loz

Fig. 9. Two-phase-to-ground fault in a two-terminal line:

a, b, ¢, d — consecutive circuit diagrams in line with mathematical
considerations.

(68)

where from

— ZOr(Uzlr + Eszl) — (Es -U )ZZquOZ
ZOr[U (er + ZZe) - Esz2e]

(69)

Apparent impedance given by protection observing Fig. 9d
is:

Z, =R, +jX,=Ull,=2Z,+AZ. (70)
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So far as through Zs current 11 + Iy, flows, the source of the
current 1, feels besides impedance Zi, yet the impedance AZ
which is x times grater than Za:

AZ =KZ,. (71)
For assumed Xias (for assumed distance l.s), the result of the

first iteration is obtained. Isolating imaginary and real
components of (70) we have:

Xl(l) =X, —Im@AZ®); R, @ = ZOfe(l) _ZOe(l) : (72)
ZOfe(l) _ ZZE(l)k'(l) . (73)

At that iterations converge faster when
Xos "2 = (X + X"y 1 2. (74)

With more iterations, R¢ converges to real value (see (61).

For reverse fault, X;(! is negative for a positive value of Xyas.

The numerical example: U =10 V; Es=12 V; liin =20 km;
Xx1=04 Q/km; b1 = bz = 0.25; C2 = 1; bo = 0.375; Co= 3;
Z1s=0.5+3i; Zs=0.5+4i; Zops=0.75+4i. Two-phase to
earth fault with Rf =5 Q occurs at 10 km from protection. At
ls® =15 km 1 =3.8615 km, RV = 5.6255 + j0.7489 Q; at
ls® = (15 + 3.8615) / 2=9.43077 km 1@ =10.6175 km,
Rf® = 4.8328 +j0.0789 Q; s = 9.9988 km,
I® =10.0013 km, R{Y = 4.9997 +j0.00016 Q.

VII. CONCLUSION

1. Balancing the power line with an unbalanced load requires
large load disbalance. It would be beneficial to investigate the
possibility of balancing the power line by way of artificially
increasing the mutual impedance between outer phases of flat
arrangement.

2. For flat arrangement, the indices of zero sequence current
are best when OGW is over the middle phase and slightly
smaller than for the line without OGW. Negative sequence
current changes little.

3. Two parallel balanced but not transposed lines and double-
circuit lines without OGW have external mutual Fortesque
impedances between all sequences.

5. Some mutual impedances of the line with OGW strongly
differ from those without OGW.

6. The impact of mutual impedances between parallel lines
can be eliminated by additive measures.

7. Fault analysis of untransposed lines can be reduced to that
of transposed ones provided that Z; # Z» is accepted.

8. Fault calculations can be made easier when complex
Fortesque impedances are described through positive sequence
reactance to fault place.

9. To define fault location in a two-terminal line, measured
data only from monitored side are insufficient. Some
trustworthy assumption or extra value is necessary.

10. The most complicated case of distance determination is
for two phase-to-ground fault through fault resistance in a two-
terminal line.
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