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Abstract — The following research is important for the
understanding of thermal conductivity processes in the setting
typical for thermal pumps and for bringing calculations nearer to
the real situation. Considering a non-stationary process, the
temperature field is described in the polar coordinate system by
using Laplace’s equation and corresponding mixed-type boundary
data. The solution was obtained by the Laplace transform method,
applying an integral function of complex variables. The inverse
Laplace transform and the original temperature are expressed as
an integral. For the integration, a closed contour, which rules out
branching and provides an integral of an analytic function, is
employed. Cauchy’s theorem is applied to the calculations. As a
result, indefinite integrals have been derived for temperature
estimation in the heat pipe coating and the surrounding
environment, depending on the fluid temperature within the heat

pipe.

Keywords — thermal

conductivity.

Heat pumps, Laplace transform,

1. INTRODUCTION

The following research is important for the understanding of
thermal conductivity processes in the setting typical for a
modern renewable heat source with a further development
perspective, namely, thermal pumps. The understanding of the
limitations of the thermal pumps technology also has very
important economic implications. Imperfections in thermal
conductivity may change the efficiency of thermal pumps
technology several times and should be taken into account when
taking investment decisions. Since the general principle of heat
transfer in such circumstances is similar in other settings as well,
the following research is also useful with other applications.
The heat flows currently calculated may significantly differ
from the actual values, a difference that is very well observable
between theoretical calculations of ground heat pump
productivity and actually observed heat flows. The temperature
field parameter methodology developed within this study is
needed to determine the heat flow with a greater degree of
accuracy.

II. DESCRIPTION OF NON-STATIONARY TEMPERATURE FIELD

A non-stationary temperature field 7(r,t) [K] in
environment with a cylindrical pipe (Fig. 1), which is filled with

*Corresponding author.
E-mail address: voldemars.barkans@inbox.lv

a special fluid, at a constant temperature 7, [K], can be
described [10] with a thermal conductivity equation in polar
coordinates:

2
or(r.7) =q 0 T(:’T) +18T(r,r) sr>7r;120, (1)
ot or r or
where
T,(r,7), if 0<r<r; fluidin pipe;
o (r,7) = T, (r.n), if ry,<r<rg; i.n pi.pe l.lousinig;
T,(r,t), if 1,<r<n; inpipeinsulation;  (2)
T,(r,%), if r<n; in soil.

a — thermal diffusion coefficient, m*/s;

a, if r,<r<g;
a=3a,, if n<r<n; 3)
a,, if rr,.

A

L)

Fig. 1. Cross-section of a pipe.
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Equation (1) is overwritten using (2) and (3):

oT, (r,7) (627; (r,7)
= ai

ot or?

oT,(r,7)
or

1
+—
r

j,i=1;2;3. @)

On boundary » = ry, heat exchange between the fluid and the
pipe housing proceeds in accordance with Newton’s law:

5‘7} 0°
xl¥:_a[%—n<w)} ®

where o — heat transfer coefficient, W/(m? K);
T, — fluid temperature in pipe, K.

On boundary » = ry, the temperatures and heat flows must be
equal:

T, (r.1) =T, (. 7); (6)
7\‘2 aTZ (rl”t) :}\’1 6T(rl”t)’ (7)
or or

where A; — pipe housing heat transfer coefficient, W/(m K).
On boundary » = r,, the temperatures and heat flows must be
equal:

Tz(rz,‘c)=T3(r2,‘|:); (8)
A, o7, (rz, )—7»3 6T(r2,'c)’ ©)
or or

where A, — pipe insulation heat transfer coefficient, W/(m K);
A3 — soil heat transfer coefficient, W/(m K).
Temperature of the starting moment t=0:

T(r,0)=T,;

At a large distance from the pipe axis, the temperature is
constant:

i=1,2,3. (10)

T, (0,7)=T, (11)
and

T, (o0,7) B

—=0. (12)

It can be assumed that

Iy =T, =Ty =T, (13)
Using dimensionless variables and parameters [1]:
r n 12
—=p =P =P (14)
s s 0

T T, T
-9, M-@,; =2-0,-0,i=1,23 (15
710 0 0
G Yop Mons Bonn (e
a, a, A, A
art or,
p=4t gi=Zh 17
2 » (17)
1, if 0<p<1; fluidin pipe;

0, (p,F), if 1<p<p,; in pipehousing;

®(p’F) B 0, (P,

©,(p,F), if p<p,; insoil.

F), if p,<p<p,; in pipeinsulation;(18)

The task is solved using Laplace transformation [1]-[5]:

+00

®,(p,p)=[ e ®,(p,F)dF (19)
0
and temperature images are obtained:
@1([)»]7):
®
lo(p\/Z)+CzKo(pJZ)+f; 1<p<p; (20)
c) (P p ( zp\/7)
+CK, ( pr)+— P <P <Py @1
0, (p.p)= (;pf)+—,pz<p<+oo (22)
where /,(z) and K,(z) - modified zero-order Bessel

(McDonald) functions of the first and second type [6]-[9].

Using the boundary conditions, the coefficients of the
temperature images of the obtained expression are calculated
(20)—(22):

- o, AG(Vr )

8= ) )
s.(p) )
] e
@z(p,p)=%+A§(g) (kP )
(24)

el

) )
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0, (p,p)=—2+ AZ\/;) (kpyp). @9
(\/’ ) bk, K, (d)[ 1,(b) K,y (¢)+ K, (b) 1 ()]
(o ({2)K, (@) o ) (@)
+A KK, (d)[ 1, (b) Ky (c) =K, (D)1, (c) ]
[0.(J7) i (a)0: (p) 1, (a)
+A2k2K0(d )1 (b)K, (c)- K, ()1, (c)]
Lo (Vp) Ko@)+ o (Vo) 1o (a)]
+A A kK, (d)[ 1, (b)K, (c)+ K, (b) ], (c)]
Lo(Vp)Ki(a)=0.(Vp)1(a) ], (26)

L1, (0) K, (c)+ K, (b) I, (c) |+ AkK, (@)K, (d)
L1, (B)K, (c) =K, (B) 1, (c) ]+ Ak K, (

L1 (B) K, (¢) =K, (B), () |+ AAKK (@)K, (d)
(1K 5,00 (0] |

b= kZpI\/;;

[1,(b)K,(c)+K,(b)I,(c) |+ Ak, (@)K, (d)
11, (b)K, (c) =K, (b)1,(c)]- Ak T, (a)K, ()
[4(B)K, (c) =K, (B) 1 (c) [+ Ak, (@)K, (d)
[1L0)K )+ K, 011 (0)] | )
_Bi LA
ZXC% (\/;;)'_ (()01 1) p]\/};
kK, (c)K, (d)+AkK, (d)K (c)]:  (29)
_Bi A
AC,(Jp)==(9, 1)91\/;
(k0 (c)K, (d) = Ak, K, (d) 1] (c)] (30)
aG,(Vr) = 2@, -1 G31)

c=kyp,/p:
o, (Jr) =t (Jp)-Bil,(Jp); (33)
o, (Vo) =rk,(JVP)+BiK, (JP)- (34)

The original temperature is expressed [1]-[3] with the
following integral:

d =k,p,\[p; (32)

Y+jo

e”"®, (p,p)dp, (35)

y-jo

1
@i(p,F):z—ﬂ;j

using formulas (23)—(25).

III. P1PE HOUSING TEMPERATURE CALCULATION

The original pPipe housing temperature is expressed in [1]—
[3] using formulas (23) and (35) with an integral as follows:
1 Y+Hjo

®, (p,F)=®O,-+2—nj_m€p Aj(%) (p\/—>dp
)

Aty
+2L7tjy_j,-mep A(\(/;) K, (pp Jip, (36)

where j= J-1.

The calculation of complex-variable integrals is discussed in
monographs [1]-[3] and publications [4], [5].

Expressing complex-variable function integrals in a realistic
manner, dimensionless expression of pipe housing temperature
(I1<p=p,) yields the following equation:

®,(p.F)=1+ 2Bi(®, -1)
T

o S0V () v ()0 () | a2
! ¢2(u)+w2( RS
(ou-1) o L oy 0

where

O(u) = kY, (d) U, (u)- S, ()
+A kY (d)- Uy (u) S, (u)+ Ak Y, (d)-Us (u)- S, ()
+AAKY (d)-U, (u)-S, (u).

W(u):kzk‘]( )Ul(u) ( )+Ak‘](d) U,
+A, ko (d) Uy (u)- Sy (u)+ AAK, T, (d): U4(u) S, (u);

o, (”) = k,k,Y, (EI)YI (d)~U1 (”)
+AKY (@)Y (d)-U, (1) AkY,(a)Y,(d)-U,(u)



Power and Electrical Engineering

2017/34

+AAKY (@)Y, (d)-U, (u); (40)

v (1) = kY, (@), (d)-U, (u)

+AkY(a1)J (d)-U, (u)+ Ak, (@), (d)Uy (u)

+AAKY (@), (d)-U, (u); (41)

¢, (u) =koksJy (@)Y, (d)-U, (u)

+A k(7)Y (d)-U, (u)

+A, kT, (3,)Y, (d)U, (u)

+ ANk, (al)YO(d) U4( ) (42)

v, (4) =kkJ (@), (d)-U, (u)

+A kS (@), (d)-Us (u)

+A Ty (@) ]y (d)Us (u)

+ A ALK (@), (d) U, (u); (43)

where

a, = pyu; b =kpu; ¢ =kyp,u; d, = kyp,u; (44)

s, (u)=—uJ, (u)—BiJ, (u); (45)
s, (u) =—uY, (u)—BiY, (u); (46)

S (u)=s,(u) ¥, (@)=, (u)Jy (@) (47
Sy (u)=s, ()X (@) =5, (u)J, (a); (48)
U, (u)=Yl(b )JO(Cl)—Jl (bl)YO(cl), (49)
UZ(”):JO(bl)YO(Cl) Y()(bl)JO(Cl)’ (50)
U3(“):Y1(b1)J1 (Cl)_‘]] (bl)Y](cl)i (51
U4(u):JO(bI)YI(cl)_YO(bI)JI(cl) (52)

Here J,(z).Y,(z),J,(z).Y,(z) — zero-order and first-order

order Bessel functions of the first and second type [6]-[9].

Calculating the non-real integrals, which are contained in
formula (37), dimensionless temperature of the pipe housing is
obtained.

IV. PIPE HOUSING INSULATION TEMPERATURE CALCULATION

The original pipe housing insulation temperature is
expressed in [1]-[3] using formulas (24) and (35) with an
integral as follows:

Ly]‘/weﬁ AG, (\/7)
2m 7 A(\/; )

0,(p,F)=0,+

1, (kopp Jdp

1 FAC“(\/;)

+ p:

25,2 2]

The calculation of complex-variable integrals is discussed in
monographs [1]-[3] and publications [9], [10].

Expressing complex-variable function integrals in a realistic
manner, with dimensionless expression of pipe insulation
temperature ( p,<p= pz) the following formula is obtained:

2Y Bi
0, (p.F)=1+(0,, 0, )~ (Ej CII
du

[ o 60w, (0w () 60) (o
[ .[ & (u)+ v (u) Jo (kp )uz

(53)

K, (kzp\/;)dp.

o

_Me—uzF ¢4(”)J0 (pkzu)—\u4 (”)Y()(szu) y du
! Pl )

where

0, (u)=k3 |:Jo (cl)

Jl (dl)_Y;)(cl)Y;(dl)]

+Aky [T, (¢) Ty (d) =Y (c) Yo (d,) ]: (55)
ws () =k [ Y, (), () +J, (), X, (d))]
Ak, [T, (¢) Y, (d))+ Y, (), () ]: (56)
by (u) = ko (@)Y (d)+ Aoy (@)Y (d)); - (57)
v, (1) =k, (@), (d,) + Ay d, (6) Iy (d). (58)

Calculating the improper integrals in formula (54), the
dimensionless temperature of the pipe insulation is obtained.

V. SoOIL TEMPERATURE CALCULATION

The original environment temperature is expressed in [1]-[3]
using formulas (25) and (35) with an integral as follows:

0, (p,F) =0y,

K, (ko[ Jap.

(59

The integral in formula (59) is calculated as described above.
Expressing complex-variable function integrals in a realistic
manner, with dimensionless expression of environment

temperature (p > p, ) the following formula is obtained:

©, (p,F) =0, (1 0, )gl [%T (®01 _1)A1A2
.Eme,uw o(u)J, ( kypu) =y (u) Y, ( 3pu)d
p; '([ ( ) ( ) u3 . (60)
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Calculating the non-real integrals in formula (54),
environmental dimensionless environment temperature is
obtained.

VI. CONCLUSION

As there is no unified widely accepted methodology for the
determination of heat flow between a heat source including the
surrounding environment and the heat/cold user, the
methodology offered is intended for bringing heat flow
calculations nearer to the actual situation. This methodology
can be used by heat technology specialists for designing,
planning and other purposes.
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