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Abstract – The following research is important for the 
understanding of thermal conductivity processes in the setting 
typical for thermal pumps and for bringing calculations nearer to 
the real situation. Considering a non-stationary process, the 
temperature field is described in the polar coordinate system by 
using Laplace’s equation and corresponding mixed-type boundary 
data. The solution was obtained by the Laplace transform method, 
applying an integral function of complex variables. The inverse 
Laplace transform and the original temperature are expressed as 
an integral. For the integration, a closed contour, which rules out 
branching and provides an integral of an analytic function, is 
employed. Cauchy’s theorem is applied to the calculations. As a 
result, indefinite integrals have been derived for temperature 
estimation in the heat pipe coating and the surrounding 
environment, depending on the fluid temperature within the heat 
pipe. 

 
Keywords – Heat pumps, Laplace transform, thermal 

conductivity.  

I. INTRODUCTION 

The following research is important for the understanding of 
thermal conductivity processes in the setting typical for a 
modern renewable heat source with a further development 
perspective, namely, thermal pumps. The understanding of the 
limitations of the thermal pumps technology also has very 
important economic implications. Imperfections in thermal 
conductivity may change the efficiency of thermal pumps 
technology several times and should be taken into account when 
taking investment decisions. Since the general principle of heat 
transfer in such circumstances is similar in other settings as well, 
the following research is also useful with other applications. 
The heat flows currently calculated may significantly differ 
from the actual values, a difference that is very well observable 
between theoretical calculations of ground heat pump 
productivity and actually observed heat flows. The temperature 
field parameter methodology developed within this study is 
needed to determine the heat flow with a greater degree of 
accuracy. 

II. DESCRIPTION OF NON-STATIONARY TEMPERATURE FIELD  

A non-stationary temperature field  ,T r   [K] in 
environment with a cylindrical pipe (Fig. 1), which is filled with 
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a special fluid, at a constant temperature 0T  [K], can be 
described [10] with a thermal conductivity equation in polar 
coordinates: 
 

     2

02

, , ,1
; ; 0,

T r T r T r
a r r

r rr

      
        

 (1) 

 
where 
 

 

 
 
 
 

0 0

1 0 1

2 1 2

3 2

, , 0 ; fluid in pipe;

, , ; in pipe housing;
,

, , ; in pipe insulation;

, , ; in s .

T r if r r

T r if r r r
T r

T r if r r r

T r if r r oil

  


     
  

  

 (2) 

a  – thermal diffusion coefficient, 2m /s;  
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Fig. 1. Cross-section of a pipe. 
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Equation (1) is overwritten using (2) and (3): 
  

     2

2

, , ,1
, 1; 2; 3.i i i

i

T r T r T r
a i

r rr

      
      

 (4) 

 
On boundary r = r0, heat exchange between the fluid and the 

pipe housing proceeds in accordance with Newton’s law: 
 

 
   1 0

1 0 1 0

,
, ,

T r
T T r

r

 
      

 (5) 

 
where α – heat transfer coefficient, W/(m2 K);  

0T  – fluid temperature in pipe, K. 

On boundary r = r1, the temperatures and heat flows must be 
equal: 
 

    2 1 1 1, , ;T r T r    (6) 
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2 1

, ,
,

T r T r

r r
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 (7) 

where λ1 – pipe housing heat transfer coefficient, W/(m K). 
On boundary r = r2, the temperatures and heat flows must be 

equal: 
 

    2 2 3 2, , ;T r T r    (8) 
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, ,
,

T r T r

r r

   
  

 
 (9) 

 
 where λ2 – pipe insulation heat transfer coefficient, W/(m K); 
λ3 – soil heat transfer coefficient, W/(m K). 

Temperature of the starting moment 0  : 
 

   0,0 ; 1, 2, 3.i iT r T i   (10) 

 
At a large distance from the pipe axis, the temperature is 

constant: 
 

  3 ,T T     (11) 

and 
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T

r
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
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It can be assumed that 

 
 01 02 03 .T T T T    (13) 

  
Using dimensionless variables and parameters [1]: 
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(18) 

The task is solved using Laplace transformation [1]–[5]: 
 

    
0

, , dpF
i ip e F F
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and temperature images are obtained:  
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where  0I z  and  0K z  – modified zero-order Bessel 

(McDonald) functions of the first and second type [6]–[9]. 
  Using the boundary conditions, the coefficients of the 
temperature images of the obtained expression are calculated 
(20)–(22): 
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where 
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The original temperature  is expressed [1]–[3] with the 

following integral: 
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using formulas (23)–(25). 

III. PIPE HOUSING TEMPERATURE CALCULATION 

The original pPipe housing temperature is expressed in [1]–
[3] using formulas (23) and (35) with an integral as follows: 
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where 1j   . 

  
The calculation of complex-variable integrals is discussed in 

monographs [1]–[3] and publications [4], [5]. 
Expressing complex-variable function integrals in a realistic 

manner, dimensionless expression of pipe housing temperature 
 11     yields the following equation:  
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where 
 

       2 3 1 1 0u k k Y d U u S u     
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  (39) 
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+      1 3 1 1 1 2k Y a Y d U u        2
2 2 0 1 0 3k Y a Y d U u       
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      1 2 2 1 1 0 4 ;k Y a Y d U u     (40)  

       1 2 3 0 1 1 1u k k Y a J d U u     

     1 3 1 1 1 2k Y a J d U u        2
2 2 0 1 0 3k Y a J d U u  

     1 2 2 1 1 0 4 ;k Y a J d U u      (41) 

 

       2 2 3 0 1 1 1u k k J a Y d U u    

     1 3 1 1 1 2k J a Y d U u   

     2
2 2 0 1 0 3k J a Y d U u  

+      1 2 2 1 1 0 4 ;k J a Y d U u     (42) 

 

       2 2 3 0 1 1 1u k k J a J d U u    

     1 3 1 1 1 2k J a J d U u    

     2
2 2 0 1 0 3k J a J d U u  

+      1 2 2 1 1 0 4k J a J d U u   ;  (43)  

 
where 

1 1 1 2 1; ;a u b k u      1 2 2 1 3 2; ;c k u d k u      (44) 

 
      1 1 0 ;s u uJ u BiJ u     (45) 

 
      2 1 0 ;s u uY u BiY u      (46) 

 
          0 1 0 1 2 0 1 ;S u s u Y a s u J a    (47) 

 
          1 1 1 1 2 1 1 ;S u s u Y a s u J a   (48) 

 
          1 1 0 1 1 1 0 1 ;U u Y b J c J b Y c    (49) 

 
          2 0 1 0 1 0 1 0 1 ;U u J b Y c Y b J c     (50) 

 
          3 1 1 1 1 1 1 1 1 ;U u Y b J c J b Y c     (51) 

 
          4 0 1 1 1 0 1 1 1U u J b Y c Y b J c  .     (52) 

 
Here        0 0 1 1, , ,J z Y z J z Y z  – zero-order and first-order 

order Bessel functions of the first and second type [6]–[9].  
Calculating the non-real integrals, which are contained in 

formula (37), dimensionless temperature of the pipe housing is 
obtained. 

IV. PIPE HOUSING INSULATION TEMPERATURE CALCULATION 

The original pipe housing insulation temperature is 
expressed in [1]–[3] using formulas (24) and (35) with an 
integral as follows: 
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The calculation of complex-variable integrals is discussed in 

monographs [1]–[3] and publications [9], [10]. 
Expressing complex-variable function integrals in a realistic 

manner, with dimensionless expression of pipe insulation 
temperature  1 2      the following formula is obtained: 
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  (54) 
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where 
 

         3 3 0 1 1 1 0 1 1 1u k J c J d Y c Y d              

                       2 2 1 1 0 1 1 1 0 1 ;k J c J d Y c Y d        (55) 

 

         3 3 0 1 1 1 0 1 11
u k Y c J d J c Y d      

        2 2 1 1 0 1 1 1 0 1 ;k J c Y d Y c J d      (56) 

 
          4 3 0 1 1 1 2 2 1 1 0 1 ;u k J a Y d k J c Y d     (57) 

 
          4 3 0 1 1 1 2 2 1 1 0 1 .u k J a J d k J c J d     (58) 

 
Calculating the improper integrals in formula (54), the 

dimensionless temperature of the pipe insulation is obtained. 

V.  SOIL TEMPERATURE CALCULATION 

The original environment temperature is expressed in [1]–[3] 
using formulas (25) and (35) with an integral as follows: 
 
  3 03, F     
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The integral in formula (59) is calculated as described above. 
Expressing complex-variable function integrals in a realistic 

manner, with dimensionless expression of environment 
temperature  2    the following formula is obtained:  
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Calculating the non-real integrals in formula (54), 
environmental dimensionless environment temperature is 
obtained. 

VI. CONCLUSION 

As there is no unified widely accepted methodology for the 
determination of heat flow between a heat source including the 
surrounding environment and the heat/cold user, the 
methodology offered is intended for bringing heat flow 
calculations nearer to the actual situation. This methodology 
can be used by heat technology specialists for designing, 
planning and other purposes. 

REFERENCES 
[1] H. S. Carslaw and J. C. Jaeger, Teploprovodnostj tverdih tel. Moscow: 

Nauka, 1964, 487 p. (in Russian) 
[2] H. S. Carslaw and J. C. Jaeger, Operacionnie metodi v prikladnoj 

matematike, Moscow: IL, 1948, 293 p. (in Russian) 
[3] M. A. Lavrentjev and B. V. Šabat, Metodi teorii funkcij kompleksnogo 

peremennogo, Moscow: Nauka, 1958, 678 p. (in Russian) 
[4] V. Barkāns, A. Cers, N. Zeltinsh, and G. Turlajs, “Non-Stationary 

Temperature Field in a Tube Surrounding Environment,” Modern science: 
researches, ideas, results, technologies, no. 2(13), Dnepropetrovsk, 
Ukraine, NPVK Triakon, pp. 34–37, 2013. 

[5] V. Barkāns, “Operator Method for Nonstationary Temperature Field 
Calculation in Thick-Walled Cylindrical Heat Pipe Environment,” Power 
and Electrical Engineering, vol. 33, pp. 5–11, 2016.   
https://doi.org/10.7250/pee.2016.001 

[6] G. N. Watson, Teorija besselevih funkcij. Moscow: IL, 1949, 787 p. (in 
Russian) 

[7] G. Doetsch, Rukovodstvo k prakticheskomu primeneniju preobrazovanija 
Laplassa i Z-preobrazovanija, Moskva: Nauka, 1971, 288 p. (in Russian) 

[8] A. Gray and G. B. Matthews, Funkcii Besselja i ih prilozhenija k fizike i 
mehanike, Moscow: IL, 1953, 372 p. (in Russian) 

[9] E. Janke, F. Emde, and F. Losch, Specialjnije funkcii, formuli, grafiki, 
tablici, Moscow: Fizmat-giz, 1968, 344 p. (in Russian) 

[10] V. P. Isachenko, V. A. Osipova, and A. S. Sukomel, Teploperedacha, 
Moscow: Energija, 1969, 440 p. (in Russian) 

[11] V. Katsura, K. Nagano, and S. Takeda, “Method of calculation of the 
ground temperature for multiple ground heat exchangers,” in Proc. 
Applied Thermal Engineering, vol. 28, no. 14–15, pp. 1995–2004, 2008. 
https://doi.org/10.1016/j.applthermaleng.2007.12.013  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


